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* Summer School 


Study guide 


This Unit comprises three parts—the Main Text, a radio programme (Radio 15), 
and a TV programme (TV 30). In each of these, we shall discuss some aspects of 
the structure of the atoms, using the ideas of quantum theory that you met in Unit 
29 and, also, using some of the material concerning energy, waves, light and 
atomic structure that we first discussed in Units 8, 9, 10 and 11. You should find, 
therefore, that studying this Unit will be very useful for the purposes of revision. 


You should not begin this Unit until you have studied Unit 29, in which we 
discussed the principles of quantum theory. Also, you should not try to dabble in 
this Main Text by just reading the odd Section that takes your fancy—if you try 
that strategy, you will probably find the Unit to be harder than it really is. We 
strongly recommend that you work carefully through the Text, in order to see the 
story unfold. If you are short of time, do not be tempted to skip the Sections that 
look difficult—instead, refer to the ‘What to do if you are short of time’ notes, 


Rutherford’s experiment 
sound energy 

speed of light c 

spin of the electron 


Summer School experiment on 
the visible emission spectrum 


of hydrogen 

transition 

travelling probability waves 
wavelength 


which tell you the short cuts that you can safely take. 


The Main Text begins with a short introduction (Section 1), and a simple descrip- 
tive discussion of the two types of waves—standing waves and travelling waves 
(Section 2). We then describe, in Sections 3 and 4, how the behaviour of a confined 
particle is described by standing probability waves and how this explains why 
electrons in atoms have energy levels. There is a little mathematics involved here, 
but you should not be alarmed by this—you are not required to learn the formu- 
lae that we give and there is no need to memorize the steps that we take in 
deriving them. But you should try to understand the ideas that we use—these are 
always spelled out clearly. And, there are plenty of SAQs and ITQs to make sure 


that you don’t get lost! 


In Sections 5, 6 and 7, we change the subject to nuclear physics—these Sections 
should take roughly as long to study as the first four. After a brief revision of what 
you have already learned about the nucleus in Units 10 and 11, we turn to a more 
detailed discussion in which we cover nuclear structure, the different types of 
radioactive decay, nuclear fission and fusion. We give a summary of the Main 
Text in Section 8, and there is an assessable postscript in Section 9 on the applica- 


tion of Einstein’s equation, E = mc?. 


The TV programme has been prepared in such a way that even if you have not 
started to read the Main Text you should learn a lot by watching it. However, if 
you want to derive maximum benefit from the programme, you should have read, 


at least once, Sections 1-3 and sub-Sections 5.1—5.4. 


We strongly recommend that you listen to Radio 15 as, in this programme, we 
describe the connections between the aspects of modern physics that are discussed 
in Units 29, 30 and 31. We also put this material in historical perspective and 
describe the tortuous path that scientists have taken in the twentieth century 
refining their theories of the ultimate structure of matter to the sophisticated 
theories of today, which we discuss in Unit 31, ‘The Search for Fundamental 


Particles’. 


Introduced in a Unit Introduced in 
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1 Introduction 


In this Course we have tried to emphasize that, in order to achieve more than 
a superficial understanding of physical and chemical processes, it is necessary to 
know how matter is made from atoms. You saw in Unit 8 that the heat energy 
of an object is related to the total kinetic energy of its constituent atoms. In 
Units 12 and 13, you saw that chemical reactions can occur between atoms 
when they have electrons that are free to bond, although the nuclei of the 
atoms play no part in these reactions. 


We now turn to the basic question of why atoms are made the way they are. 
Newton’s laws and the laws of electricity and magnetism cannot answer this 
question—it turns out that they predict that the electrons of the atom will not 
move around the nucleus but that they will collapse into it! However, the 
structure of the atom can be explained by the laws of quantum theory. In this 
text, we use these laws to discuss why the electrons in the atom can only have 
certain energies and why the spacings between these energy levels are of the 
order of 10°1°J (~1eV) rather than, say, 1J. To answer these questions, we 
use a simple model of the hydrogen atom, which we describe in Section 4. 


We also discuss the nucleus, the tiny dense core of the atom, which (in all 
cases except the lightest nucleus {H) contains both protons and neutrons. For 
the same reason that electrons in atoms have energy levels, it turns out that the 
protons and neutrons in the nuclei can also have only certain energies, as we 
show using a simple model of the nucleus. Two other questions about the 
nucleus that we address here are ‘What force holds it together?’ and ‘What 
energy changes occur during radioactive decays and during nuclear fission and 
fusion?’ 


The crucial idea that allows the structure of the atom to be understood is that 
the behaviour of the electrons in the atom and of the particles in the nucleus 
can both be described by probability waves. This probably won’t come as much 
of a surprise to you, because you saw in Unit 29 that the behaviour of free 
particles can be modelled as if they were travelling probability waves. But note 
that the electrons of an atom, and the protons and neutrons in its nucleus 
are not free. The negatively charged electrons are confined to a small region 
of space by an attractive electrostatic force due to the positively charged 
nucleus, which is itself made of confined protons and neutrons (Figure 1). It turns 
out that the behaviour of confined particles are modelled not by travelling 
probability waves, but by waves of another kind, known as standing probability 
waves*. 


FIGURE 1 A visualization of an atom, 
which consists of negatively charged 
electrons moving around a positively 
charged nucleus (usually made of both 
protons and neutrons). 


In the next Section, we shall discuss standing waves and how they differ from 
travelling waves. Then you will be in a position to understand why atoms are built 
the way they are, which is the basic aim of this Unit. 


* In some texts, standing waves are called stationary waves, but we shall not be using this 
term here. 
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2 Waves 


2.1 Travelling waves 


Before we discuss standing waves, let us review briefly the description that we 
gave in Unit 29 of the propagation of quanta such as electrons and electromag- 
netic radiation. You may remember that if monochromatic radiation or ‘par- 
ticles’, such as electrons, impinge upon a double slit or a diffraction grating, then a 
diffraction pattern will be detected on a screen behind (Figure 2). In both cases, 
the form of the detected pattern depends on the spacing of the slits. It turns out 
that the pattern depends on the wavelength A of the monochromatic radiation 
and, in the case of other quanta, on their de Broglie wavelength, Ag which is given 
by: 


h 
Aa = — 1 
dB ? (1) 


where h is Planck’s constant and p is the magnitude of the quanta’s momentum. 


intensity of radiation 


e { ue 


V7 


screen 
FIGURE2_ When radiation is shone through a double slit, it is diffracted and a diffraction 


pattern is detected on the screen behind. (The same effect would occur if ‘particles’ like 
electrons or protons were shone through the double slit.) 


The only way in which these observations can be understood is to associate with 
the propagation of quanta a travelling probability wave. The value of the wave at 
each point is related to the probability that a quantum will be detected at that 
position. 


It is useful to compare this concept of a travelling probability wave with the 
propagation of a wave on a string (Figure 3). Whereas the points on the string 


photons (radiation) wave travelling 
emitted on a string 


(a) (b) 
FIGURE 3 Comparison of (a) the propagation of photons (described by travelling prob- 
ability waves) with (b) the propagation of an ordinary travelling wave on a string. 


physically move up and down when the wave is propagated, the particles do not 
move up and down—1t is only the probabilities of their being detected at certain 
points that are described by waves. If you are not completely clear about this 
rather abstract point, you should read again Section 3 of Unit 29 where it is 
explained thoroughly. 


2.2 Standing waves 


Now think about a different situation in which a taut string or rope is made to 
vibrate. What happens? 


Normally, the rope executes a motion that is very complicated. However, under 
certain circumstances, a taut rope can be made to execute a simpler, periodic 
motion. For example, look at Figure 4 which is a photograph taken of a taut rope 
(clamped at both ends) as it executes the simplest possible periodic motion. The 
photograph was taken with the film exposed for several seconds, to ensure that 
the pattern is not recorded at just one time. 


In Figure 5, there are two more photographs of the same rope, executing periodic 
motion, although you can see that the pattern traced by the rope is different in 
each case. We shall return to describe concisely these different patterns a little 
later on. The photographs in Figures 4 and 5 are taken from TV programme 30, 
which features a demonstration in which the taut rope is made to vibrate period- 
ically in the way described here. 


To see in detail how the pattern of the rope alters from one instant to another, it is 
necessary to take snapshots of the rope at different stages of its motion. A sketch 
of such snapshots for Figure 5a is given in Figure 6. Notice that the 
motion of the rope is periodic—its shape is the same initially (at t = 0) as it is in 
the snapshot taken T seconds later. The ends of the rope do not move, since they 
are clamped, but parts of the rope move up and down in a plane (the vertical 
plane in Figures 4, 5 and 6) which is why the wave is known as a ‘one-dimensional 
standing wave’. This is rather a mouthful, so this description is usually shortened 
to just ‘a standing wave’, when it is taken for granted that the dimension of the 
wave is one. 


There are a few terms that are useful to describe the standing waves that can exist 
on a rope. The simple patterns are known as normal modes—a much more elegant 
term than ‘the patterns traced by the rope when it executes periodic motion’. Each 
normal mode is given a name—for example, the one shown in Figure 4 is known 
as the fundamental. The second pattern is called the second harmonic, the third is 
called the third harmonic, and so on*. 


The distance of the rope from its equilibrium position is known as the displace- 
ment at that point. For example, the displacement at x at time t = 4T/8 is marked 
with an arrow on Figure 6. (The equilibrium position of the rope is shown as a 
dotted line.) 


Although the photographs in Figures 4 and 5 show only the fundamental and the 
second and third harmonics, this does not mean that higher harmonics cannot 
exist on the rope. They can, but they are more difficult to see, since their dis- 
placements are so small. 


* An appropriate synonym for the term ‘fundamental’ is ‘first harmonic’. 


FIGURE 4 A taut rope in its simplest 
possible periodic motion. The photograph is 
of one of the demonstrations presented in 
TV programme 30. 


[_ J 


FIGURE 5 These two time-exposed 
photographs show the next simplest modes 
of motion (to Figure 4) of the taut, 
vibrating rope. As you will see later, (a) is 
called the second harmonic and (b) the 
third harmonic. 


normal modes (harmonics) 


fundamental 


displacement 


initially 
j= 
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\ one 
j=? aS period 
‘ complete 


and so on 


In Figure 5, you can see that when the rope is vibrating in one of its normal modes 
there are points on it which do not move (i.e. have zero displacement); these are 
called nodes. There are two of them on the fundamental, at the ends of the rope. In 
fact, the ends of standing waves are always nodes, since they are always held fixed 
by the clamps. 


ITQ 1. Mark the nodes of the second harmonic on the appropriate photo- 
graph shown in Figure 5. 


The points of maximum displacement of the rope are known as antinodes—these 
always lie half-way between two nodes. For example, the antinode of the fun- 
damental is at the mid-point of the string. 


ITQ2 Mark the antinodes of the third harmonic of the rope on the 
appropriate photograph shown in Figure 5. 


The last features of normal modes that we need to discuss here are their 
wavelengths. As you can see from Figures 4 and 5, each normal mode has a 
different wavelength and, furthermore, the wavelength of the fundamental is 
longer than that of each of the higher harmonics. It is quite easy to derive a 
formula that allows us to calculate the wavelength of every possible standing wave 
that can exist on a rope. We shall do this next. 


How is the wavelength 4 of the fundamental related to the distance | between 
the clamps? 


You can see from Figure 4 that for this normal mode there is one half 
wavelength of the string between the clamps. Hence, 4/2 = I. 


For the second harmonic, there are two half wavelengths (one whole wavelength) 
between the clamps; for the third harmonic, there are three half wavelengths 
between them, and so on. You should now be able to see that there is always a 
whole number of half wavelengths between the clamps and that this number is 
equal to the ‘number’ of the harmonic. This can be written as an equation: 


; length 
distance between the clamps = number of the harmonic x aa 
se A 
or, =nx5 
: 2! 
Rearranging this formula, A= = (2) 


FIGURE 6 Sketches of the rope as it 
vibrates in its second harmonic, at different 
stages of its motion. Notice that the motion 
is periodic. The displacement at x at 

time t = 47/8 is shown by an arrow. 


node 


antinode 


number n that characterizes a normal mode 


which gives the wavelength 4 of any normal mode on a rope of length /| held 
between two clamps. For example, if the rope is 5m long, equation 2 says that the 
wavelength of the sixteenth harmonic is: 


_2x5m 


: 16 


= 0.625 m 


The most important feature of equation 2 is that the normal modes can only have 
certain wavelengths since n can only be a whole number that is greater than or 
equal to one. 


ITQ 3 Is it possible for a standing wave of wavelength 0.7 m to exist on a 
rope that is held taut between two clamps that are 2m apart? 


Whereas a travelling wave can be propagated with any wavelength, a standing 
wave can only exist on a rope if the wave has one of a few special wavelengths that 
depend on the length of the rope (see equation 2). The underlying reason for this is 
that the ends of the rope are always fixed, that is, they are always nodes. 


The two types of wave do, however, share one very important feature. Both travel- 
ling waves and standing waves obey the principle of superposition. You first met 
this term in sub-Section 4.4 of Unit 9, in which we said that when two travelling 
waves combine, a new wave is formed whose displacement at each point is the sum 
of those of the separate waves. Exactly the same thing happens when standing 
waves combine—their displacements add at each point to form a standing wave 
that can be regarded as the ‘sum’ of its components. 


At the beginning of this sub-Section, we said that when a rope or string is made to 
vibrate (plucked), it executes a complicated motion. The reason why this happens 
is that the standing wave on a plucked rope is usually not a normal mode but is a 
superposition of harmonics. The musical notes that can be heard when a stringed 
instrument is played are simply manifestations of sound energy converted from 
the energy of the standing wave. 


That concludes our brief account of standing waves. You should now know what 
standing waves are and be familiar with the terms that are used to describe them. 
To check that you have achieved these Objectives, try SAQs 1, 2 and 3. 


SAQ 1 Draw a snapshot of a string vibrating in its fifth harmonic, 
making sure that your drawing shows the pattern of the string. 


SAQ 2 In Figure 7 is shown a drawing of a vibrating string that is 
clamped at both ends. In which normal mode is it vibrating? Mark on the 
Figure the nodes and antinodes of the string and state the number of half 
wavelengths of the standing wave between the clamps. 


\ 


FIGURE 7 A string vibrating in a normal mode (SAQ 2). 


SAQ3_ Astring of length 5m is held taut between two clamps and is then 
made to vibrate in its fundamental normal mode. What is the wavelength of 
this standing wave? 


Next, the string is made to vibrate in an harmonic on which there are ten 
antinodes. What is the wavelength of this harmonic? 
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3 A particle confined in one dimension 


3.1 Introduction 


3.2 


In the first Section, we said that the key idea that leads to an understanding of the 
structure of atoms is that the behaviour of confined particles is described by 
standing probability waves. We shall now explain this idea and apply it to the 
simple and general case in which a particle is confined in one dimension, that is, to 
the case in which the particle can only move backwards or forwards in a plane. 
The techniques that we develop here will then be used in Section 4 to study the 
confinement, in three dimensions, of the electron in the hydrogen atom. 


By the way, did you notice the rather loose wording of the title of this Section? We 
called it ‘A particle confined in one dimension’ although, to be rigorously correct, 
we should have used the term ‘quantum’ rather than ‘particle’. You may be 
surprised that—after all the care we took in Unit 29 to make clear that electrons, 
protons, etc. are best called quanta—we should revert to the rather inaccurate 
term ‘particles’. Our reason for doing this is that in most text-books and in 
informal conversations between scientists, electrons and protons are referred to as 
particles but not as quanta: we shall defer to this customary lack of rigour and 
hope that you will tolerate our laxity. 


Confined particles and standing waves 


As you might expect, the ideas of quantum theory that you met in Unit 29 apply 
just as well to confined particles as to free ones. For example, if measurements are 
made of the position x and of the magnitude of momentum p of a confined 
particle then, just as for free particles, the product of the uncertainties of these 
measurements Ax - Ap is given by Heisenberg’s uncertainty relation, Ax - Ap ~ h. 


You saw in Unit 29 that the wave nature of free particles is associated with the 
probability of a particle’s detection at certain points. Instead of thinking of the 
propagation of material particles, it is often useful to think of the propagation of 
the probability waves that describe them. 


y-axis 4 


~ 7. 


Now consider the problem of describing the behaviour of a particle confined 
between the two parallel reflecting plates shown in Figure 8. 


Is it possible to say that a particle is moving along the x-axis between the 
plates? 


No, as this description implies that the observer knows for certain that the 
position of the particle is given by y = 0 and that the momentum of the 
particle is zero in the direction of the y-axis; this ‘perfect knowledge’ of 
the position and momentum of the particle is impossible according to Heis- 
enberg’s uncertainty principle. However, note that by sacrificing all know- 
ledge of the y-coordinate of the particle, it can be stipulated that the 
magnitude of its momentum is zero in the direction of the y-axis. That is, 
it is possible only to stipulate that the particle is moving parallel to the 
x-axis. 


FIGURE 8 The particle is confined in one 
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dimension between two parallel reflecting 


plates. 
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standing 
probability 
wave 


eigen wave 
function 


Since it is impossible to have exact knowledge of the position of a confined 
particle (unless there is infinite uncertainty in the measurement of its momentum), 
the probability of detecting the particle must be described by probability waves. 
These waves cannot travel beyond the reflecting plates, since the particle that the 
waves describe is confined between them. It is reasonable to guess that since many 
different standing waves can exist on a string clamped at both ends, then many 
different standing probability waves might describe a particle confined between 
two plates. This guess, in fact, turns out to be quite correct. 


You might expect that the different standing probability waves of the confined 
particle are called harmonics, but in fact they are called eigen wave functions.* 
Snapshots of three of these are shown in Figure 9—remember that these are only 
snapshots, since the shape of each eigen wave function changes with time. For 
example, the shape of the one shown in Figure 9b changes in the same way as the 
Shape of the standing wave on a string shown in Figure 6. Don’t worry if you 
find this time-variation of an eigen wave function difficult to visualize—there is 
a clear demonstration of this effect in TV30. 


What is the physical meaning of these eigen wave functions? The modern, rather 
subtle, interpretation of them was put forward in 1926 by the theoretical physicist 
Max Born. He suggested that the probability of detecting a confined particle at a 
point is proportional to the square of the maximum ‘displacement’ of the eigen wave 
function at that point. For example, take the snapshot of the eigen wave function, 
shown in Figure 10a (which is the same as the snapshot shown in Figure 9a). 


maximum value 
mid-way between 
the reflecting planes 


(b) 
FIGURE 10 (a) A ‘snapshot’ of ¥, one of the eigen wave func- 
tions that can describe the behaviour of the particle confined in one 
dimension between two parallel reflecting plates. (See Figure 9a.) 
(b) When the behaviour of the particle is described by ¥, the particle 
is most likely to be detected mid-way between the plates as it is there 
that ¥? has its maximum value. 


This snapshot shows the eigen wave function when its ‘displacements’ from the 
line are maximal. Let us denote this eigen wave function by the Greek letter V 
(pronounced psi, to rhyme with eye). The maximum ‘displacements’ of ¥ are 
measured from points along the imaginary straight line that connects A and B 
on the Figure. Note that this maximum ‘displacement’ does not measure the 
distance of the particle above the line AB—it merely gives the maximum value of 
the eigen wave function, which in turn, gives information about the probability of 
detecting the particle. According to Max Born, the probability of detecting the 
particle at distance x from a reflecting plate is proportional to ¥, the square of 
the maximum ‘displacement’ of ¥ at that distance from the plate. 


As an example of the application of this subtle idea, consider the graph of W? 
plotted against x, as shown in Figure 10b. It can be concluded from this Figure 


* The German adjective ‘eigen’ means ‘own’ or ‘characteristic’. 
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(b) 


FIGURE 9 ‘Snapshots’ of three of the 
eigen wave functions that can describe the 
behaviour of a particle that is confined in 
one dimension between two parallel 
reflecting plates. 


‘displacement’ or value of an eigen wave 
function 
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that when the confined particle is described by ¥ (the eigen wave function shown 
in Figure 10a), the particle is most likely to be detected mid-way between the 
two reflecting plates, as at that point ¥? has a maximum value. Since the shape 
of ¥? is symmetric, the particle is just as likely to be detected at distance d from 
one of the plates as it is to be detected at the same distance from the other plate. 


ITQ4 What is the maximum ‘displacement’ of an eigen wave function that 
describes the behaviour of the confined particle outside the confining 
plates? 


Each eigen wave function, which can describe the behaviour of a particle, is 
characterized by a whole number n. For example, the eigen wave functions 
illustrated in Figures 9a, 9b and 9c are characterized by the numbers 1, 2 and 33 
respectively. The possible wavelengths of the eigen wave functions of the confined 
particle are given by exactly the same equation as the one which expresses the 
wavelength of each of the normal modes of a vibrating string in terms of the 
distance / between the clamps (equation 2): 


2I 
Aewt = n (3) 


where we have denoted the wavelength by dew rather than by the much more 
cumbersome Aeigenwavefunction! In the case of the confined particle, / is the distance 
between the confining plates, and the whole number n is the number that 
characterizes the eigen wave function of the particle. 


This is a good place to pause and to compare the two types of one-dimensional 
standing waves that we have discussed. Have a look at Table 1, in which several of 
the properties of standing waves on a string are compared with those of the 
standing probability waves that describe a particle confined in one dimension. 


So far in our discussion of the behaviour of confined particles, we have described 
how the probability of the particle’s being detected at a certain distance from one 
of the confining plates depends on the eigen wave function that describes the 
particle. Now, if we proceed to use this description of the behaviour of a confined 
particle to find the values of energy that the particle can have, we shall be led toa 
most intriguing result! 


TABLE 1 Two different types of standing wave 


The standing probability waves 
associated with a particle confined 
in one dimension, between two 
reflecting plates 


The standing waves that can exist 
on a string clamped at both 
ends 


The particle cannot escape— 
its associated probability 
waves are standing waves. 


The string is clamped at both 
ends—waves on the string 
cannot travel. 


Reason why this 
is an example of 
a standing wave 


The ‘normal modes’ of the 
probability waves that 

describe the particle’s behaviour 
are called eigen wave functions. 


The different patterns traced 

by the string when it 

executes simple periodic 

motion are known as normal modes. 


The normal 
modes of 

the standing 
wave 


2l 


hewt Somer 


a 
ae 


where | is the distance 

between the clamps and where 
n denotes the whole numbers 
that characterize the 

different normal modes that can 
exist on the string. 


A 


Possible 
wavelengths 
of the normal 
modes of the 
standing 
wave 


where | is the distance between the 
reflecting plates and where n denotes 
the whole numbers that characterize 
the different eigen wave functions 
that can describe the behaviour of the 
confined particle. 


n can be any whole number 
that is greater than or 
equal to 1; n=1 or 2 or 3, etc. 


n can be any whole number that is 
greater than or equal to 1; 
m= 1 or 2 or 3, etc. 


The probability of detecting the 


Interpretation of The displacement of the string at 

the standing wave’s distance x from a clamp is the particle at distance x from a 

displacement at distance of a point on the string plate is proportional to the 

distance x from from its position when the string square of the wave’s value or ‘displacement’ 
a clamp/plate is at rest. 
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To begin with, think about the momentum of the confined particle. 


What do you expect to be the momentum ofa particle of mass m, when it is 
moving with velocity v? 


You might expect its momentum P to be given by the product mi, but you 
should remember that the momentum of the particle can only be measured 
to within the limits set by Heisenberg’s uncertainty principle. 


In ‘deriving the energy levels of the confined particle, we shall assume that it is 
possible to determine precisely the magnitude p of its momentum, but not the 
direction in which it is travelling. In this way, there is an uncertainty in the 
particle’s momentum, which could be —~p, if it is travelling in one direction, and 
+ p if it is travelling in the opposite direction. 


You saw in Unit 29 that the magnitude of the momentum ofa free particle can be 
expressed in terms of its wavelength Jag using the de Broglie formula: 


ae oe (1) 


Let us suppose that this relation also holds for a confined particle—in that case, 
we have two equations for the magnitude of its momentum, p= mv and 
p = h/dap, from which it follows that: 


(4) 


mv = : or, equivalent] v= : 

as AaB = : mAgp 
How can we find the wavelengths of the eigen wave functions that describe the 
particle? You may remember that the wavelength of the probability wave that 
describes the behaviour of a free (unconfined) particle is the same as the de 
Broglie wavelength of the particle. Now let us assume that the wavelengths Aews of 
the eigen wave functions that describe the confined particle are equal to their de 
Broglie wavelengths Aap 


Aewt = AaB (5) 
Using equations 4 and 5: 
: | 
er ae nase 6 
= (6) 


Now, the wavelengths A.w, of the eigen wave functions that describe the behaviour 
of the confined particle are given by equation 3: 


2! 
det = n (3 y* 
where / is the distance between the two reflecting plates and where n is the 
number that characterizes the eigen wave function. Equation 3 can be sub- 


stituted into equation 6: 
h h 
on m(2) ns" (7) 


Since the numbers n are whole numbers that are greater than or equal to 1, 
equation 7 says that the magnitude of the velocity (the speed) v of the confined 
electron can only have certain values, h/2ml, 2h/2ml, 3h/2ml, etc.: in other words, 
the speed of the confined particle is quantized. This implies that the energy of the 
particle is also quantized. 


How is the kinetic energy E, of a moving particle of mass m related to the 
magnitude of its velocity (speed) v? 


Its kinetic energy is given by 
E, = dmv? (8) 
(which was first derived in Unit 8) 


Combining equations 7 and 8, we obtain an expression for the values of the 
kinetic energy E, that the confined particle can have: 


oe 
<< im( 2) ~ 8mi? 0) 
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In this case, in which the particle is free to move between two plates, the energy of 
the particle depends only upon its speed and not on its position between the 
plates. Thus, the particle has only one form of energy—that is, kinetic energy— 
and we can say that the total energy E of the particle is given by the right-hand 
side of equation 9: 


n7h? 
~ Sn? (10) 


where we have omitted the subscript ‘k’ from the left-hand side of equation 9. 


The most important feature of equation 10 is that it says that the energy of a 
particle confined in one dimension is quantized. This is because the number 
can only be a whole number greater than or equal to one, which, in turn, means 
that the energy of the particle can take only certain values; for example, when 
n= 1, E =h?/8ml? and when n = 2, E = 4h?/8mi?, etc. 


The underlying reason for this quantization is that a whole number of half 
wavelengths of the eigen wave function have to ‘fit’ between the confining plates 
(as expressed by equation 3). Quantum theory predicts that a particle confined in 
one dimension can only have certain energies, i.e. that the particle has energy levels. 


There are two other features of equation 10 that you should note. First, the 
possible values of the particle’s energy are inversely proportional to the mass of 
the particle and to the square of the distance | between the confining plates. (They 
also depend on Planck’s constant, a quantity which occurs in all the equations of 
quantum theory.) Secondly, there is a minimum energy that the particle can have. 


ITQ5 What is the smallest energy that a particle of mass m can have 
when it is confined in one dimension between two reflecting plates which 
are distance | apart? 


Now, before you continue, have a look at Figure 11 in which we summarize the 
steps that led to equation 9 from the statement that the behaviour of a particle 
confined to one dimension is described by eigen wave functions. 


The behaviour of the confined particle is described by 
eigen wave functions (standing probability waves) whose 


possible wavelengths 4 .yrare given by Aewr = = 


: / | | erat 
a 


assume that 
the kinetic energy 


assume that the 
magnitude p of the 


E, of the particle particle’s momentum 
is given by is given by 
gm? i — A 
AaB 
ee 
h 


v= ——— 
Ey v MA ap 
quantized quantized a 


assume Agp=Aeye 
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FIGURE 11 A summary of the steps that 
lead from the equation for the possible 
wavelengths of the particle’s eigen wave 
functions to the formula for its possible 
values of kinetic energy E,. 
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We are now ready to discuss the behaviour of electrons in atoms. But, before you 
go on to the next Section, try SAQs 4, 5, 6, which check that you can: 


(a) Interpret a diagram of the eigen wave function of a particle that is confined in 
one dimension between two reflecting plates. (SAQ 4) 


(b) Solve simple problems concerning the confinement of a particle of mass m 
between two plates distance | apart, given equation 10, E = n*h?/8ml? (SAQ 5) 


(c) Recall, in particular, that E o 1/l? and that E o 1/m. (SAQ 6) 


SAQ 4 _ Figure 12 shows two reflecting plates that are separated by dis- 
tance 8d, and a possible eigen wave function of a particle confined between 
them. Is there a greater probability of detecting the particle at distance d 
from the left-hand plate than there is of detecting it at distance 3d from the 
same plate? 


What is the probability of detecting the particle at distance 4d from the 
left-hand plate? 


8d . 


-_——— —s ee at aataad - 


FIGURE 12 An eigen wave function that can 
describe the behaviour of a particle that is confined 
in one dimension between two parallel reflecting 
plates, separated by distance 8d. 


SAQ5 Inanexperiment, an electron is confined between two plates 0.5m 
apart and its energy is measured to be 8.6 x 10-3°J. What is the 
number that characterizes the eigen wave function of the electron? (You 
will need to use equation 10; the mass of the electron is 9.1 x 107 31k and 
Planck’s constant h = 6.6 x 10° **Js.) 


SAQ 6 An electron is confined in one dimension between two plates. On 
what quantities do the possible energies of the electron depend? Suppose 
that the electron were replaced by a particle whose mass is 2000 times 
greater than its own. Would the energy levels of the particle be any different 
from those of the electron? If so, by how much would they differ? 


Which of the following statements gives correctly the relationship between 
the possible values of energy E of the electron and the distance / between 
the two plates? 


Ex ()Exs; (WEXR 


4 A model of the electron in the hydrogen atom 


4.1 The hydrogen atom 


Hydrogen is the element with the simplest structure—a hydrogen atom consists 
simply of a negatively charged electron bound by an electrostatic force to the 
nucleus, a positively charged proton. You saw in Units 10 and 11 that the electron 
has different energy levels and that if sufficient energy is transferred to it, it is 
excited to a higher energy level, say E. If the electron then makes a transition toa 
lower energy level, say E,, a photon (a quantum of electromagnetic radiation) is 
emitted which carries off the difference in energy E, — E, between the levels. In 
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4.2 


some of the possible transitions, the wavelengths of the emitted electromagnetic 
radiation are such that the radiation can be seen by the human eye. 


You may remember that in the physics experiment at Summer School, the 
wavelengths of the spectral lines of visible light (electromagnetic radiation) 
emitted by a hydrogen discharge tube were measured. Each wavelength was 
measured by finding the angle through which the light was diffracted by a grating 
(Figure 13). It turned out that the wavelengths of the emitted visible light were 
between 410 and 660 nm. 


In this Section, we shall describe a simple model that not only allows an under- 
standing of why the electron in the hydrogen atom can only have certain values of 
energy (energy levels), but that also gives a fair estimate of the spacing between 
the two lowest energy levels. You will not be surprised to learn that in this model, 
the behaviour of the confined electron is described by standing probability waves. 


The model 


In order to understand why the energy of the electron in the hydrogen atom is 
quantized, a model is needed to describe its confinement. We have to take into 
account that the electron is confined to the proton by an electrostatic force F,,, 
which varies with their separation r according to Coulomb’s law: 


Feta (11) 


It turns out that it is difficult to formulate rigorously a model of the hydrogen 
atom that takes into account this variation of the confining force. However, there 
is a way round this difficulty and that is by assuming that the electron is free to 
move inside a tiny cubical box of about the size of the hydrogen atom. In this way, 
the main effect of the electrostatic force, which is to confine the electron, is 
included implicitly. 


It turns out that it is quite straightforward to use this simple model to calculate 
the energy levels of an electron that is confined to a volume of about the size of the 
hydrogen atom (Figure 14). Indeed, the mathematics required to describe the 
confinement in this case is no more complicated than that required to describe the 
confinement of the electron in one dimension (the case that you met in Section 3). 


visualization of the hydrogen atom model of the hydrogen atom 


L=3x10 !°m 


You might object that since the basic assumption of the model is unrealistic, it 
cannot possibly be expected to give correct predictions. The answer to this scepti- 
cism is that, although the model cannot be expected to give results that agree 
perfectly with experimental data, it can, at least, be expected to give agreement to 
within say an order of magnitude if its basic ingredient—the confinement of the 
electron within a region of the size of the atom—is correct. We have to hope that 
the details we have not included in the formulation of the model do not com- 
pletely invalidate it. 


Only a comparison with data on the hydrogen atom can decide whether the 
model is a reasonable one. If the predictions of the model are not in accord with 
the data, each of the assumptions that were used to formulate it in the first place 
must be re-examined and, if necessary, altered until a new and more successful 
model is found. 
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FIGURE 13 Two students working on the 
part of the physics Summer School 
experiment concerned with the measurement 
of the wavelengths of the visible light 
coming from a hydrogen discharge tube. 


FIGURE 14 In the simple model of the 
electron in the hydrogen atom, the electron 
is taken to be confined to a hollow cube 
whose size is about the same as that of the 
atom. 
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Now to describe the model in more detail. 


Can you remember the approximate size of an atom? 


In Units 10 and 11, we described some experiments that established that the 
‘diameter’* of an atom is roughly 3 x 107 '°m. 


We shall take this diameter to be a crude measure of the diameter of the hydrogen 
atom. Hence, a reasonable value for the length L of the side of the hollow cube, in 
which the electron is supposed to be confined, is 3 x 107'° m. 


Inside the cube, the electron can move in three dimensions, that is sideways, 
backwards or forwards, upwards or downwards (Figure 15). The confined elec- 
tron is therefore described by three-dimensional standing probability waves. 
Don’t worry if you find these difficult to visualize: these waves are much more 
simply described by mathematics than by pictures or by words, as you will see 
shortly. 


Before we go on to describe how to find the possible wavelengths of the eigen 
wave functions of a particle confined in three dimensions, think again about the 
possible wavelengths of the eigen wave functions of a particle confined in one 
dimension. These wavelengths /A.w. are given by equation 3: 


21 
ewt = — (3) 


where /| is the distance between the confining plates and where n denotes the 
numbers that characterize the eigen wave functions. This equation can be 
re-expressed by taking its reciprocal: 


We can then square both sides of this equation to obtain: 


Gy) " 


You'll see shortly why we’ve bothered to do this. 


Equations 3 and 12 each express the fact that when a particle is confined in one 
dimension, exactly n half wavelengths of its eigen wave function have to ‘fit’ 
between the confining plates. Using this idea, can you suggest what the 
wavelengths of the eigen wave functions of a particle confined in three dimensions 
should depend on? 


It is reasonable to expect that, for an eigen wave function which describes the 
behaviour of a particle confined in three dimensions, a whole number of half 
wavelengths have to ‘fit’ in each of three directions, so that there are nodes at the 
boundaries. But the whole numbers need not be the same for each direction, so it 
should be expected that the possible wavelengths have to satisfy simultaneously 
three conditions, like 1/A,,,; = n/2l, which involve three separate numbers in- 
stead of just the one required in the one-dimensional case. 


You should not be surprised to learn that the possible wavelengths Aewr of the 
eigen wave functions that can describe the behaviour of a particle confined in a 
hollow cubical box of side L are given by: 


ix I \? tA? KA? 
(i) ~ (ex) * ac) (ar) ve 
where I, J and K are the three numbers (whole numbers greater than or equal 
to one) that characterize the eigen wave functions. Notice the similarity between 


equations 12 and 13—the only basic difference between them is the number of 
numbers that are required to characterize the different probability waves. We 


* When we use the terms ‘radius’ or ‘diameter’ of an atom, we do not mean to imply that the 
atom is spherical. The ‘diameter’ is merely an estimate of the atom’s size. 
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FIGURE 15 A particle is, in general, free 
to move in three dimensions: (1) sideways, 
(2) backwards or forwards, (3) upwards 

or downwards. 


set of numbers /, J, K of a particle 
confined in a hollow cubical box 


shall shortly be using equation 13 to study our simple model in which the 
confined particle is an electron and in which the cubical box is about the size of 
the hydrogen atom. But, before we go on, we shall pause for a moment to point 
out an important difference between eigen wave functions of a particle confined in 
three dimensions and those of a particle confined in one dimension. 


Consider two eigen wave functions, labelled for convenience as A and B, 
that describe the behaviour of a particle confined to a cube of side L. A is 
characterized by the set of numbers J = 5, J = 5, K = 12, and B is char- 
acterized by the set J = 3, J = 4, K = 13. What are the wavelengths of each 
of these two eigen wave functions? 


From equation 13, the wavelength A, of A is given by: 


A eRe ae 12\?_ 25+ 254144 
a GL oF TE aa 4 


that is, - = 194 & 97 
A ee 2 
and therefore, 2 
AA = 7 


The wavelength Jg of B is given by: 


1 ee ee 
Ag O\2L 2L | ee 
that is, = 194 97 


and therefore, Ag = L./2/97, exactly the same as Ay: Ay = Ag 


You can see from this answer that two eigen wave functions can have exactly the 
same wavelengths even if they are characterized by different sets of numbers. 
This phenomenon is known as degeneracy. Two eigen wave functions are said to 
be degenerate if the sum of the squares of their numbers are equal. For 
example, in the case we have just discussed, the sum of the squares of the numbers 
of the eigen wave function A is 5* + 5? + 12? = 194, which is equal to the sum of 
the squares of the numbers of the eigen wave function B, 37 + 4? + 132 = 194. 


Note that two eigen wave functions that describe the behaviour of a particle 
confined in one dimension cannot be degenerate since they are each characterized 
by just one number. 


Now check that you have understood the meaning of the term ‘degeneracy’ by 
doing SAQ 7. 


SAQ7_ A particle is confined to a hollow cubical box of side L. Consider 
three of its possible eigen wave functions labelled, for convenience, C, D 
and E, where: 


C is characterized by the set of numbers J = 3, J = 4, K = 10; 
D is characterized by the set of numbers J = 1, J = 10, K = 5; 
E is characterized by the set of numbers J = 8, J = 6, K = 5. 


Are any of these eigen wave functions degenerate? If so, give a.reason why. 


Now let us return to the model of the electron in the hydrogen atom. Before the 
digression on degeneracy, we had reached the stage at which we stated that the 
possible wavelengths A.w- of the eigen wave functions that describe the behaviour 
of a particle confined to a hollow cubical box of side L, are given by: 


1. Veolevied¥ (13) 
Agee = 42E 2L 2L 
where I, J and K are the numbers that characterize the possible eigen wave 


functions of the particle. We shall now use this equation to find the energy levels 
of a particle confined to a hollow cubical box. 


degeneracy 
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To do this, we shall use exactly the same techniques that we used to find the 
energy levels of a particle confined in one dimension, starting from the equation 
Aewt = 2I/n for the wavelength of its eigen wave function. The steps in that argu- 
ment are summarized in Figure 11. The first step is to find the speed of the 
confined particle. Using equation 6: 


\ ' 

h % 4 
mae _ aN 
7 és . 


v= —— 
Mews 


we can deduce, by squaring both sides, that 


2 h? 


5 eee 
se 
M* hows 


(14) 


Now Aewr can be eliminated from equation 14 using equation 13; this gives: 


ee re K \? 
(7) + (27) + (7) 
To find the values of kinetic energy that the confined particle can have, all we have 


to do is to use equation 8, which states that the kinetic energy E, of a particle of 
mass in moving with speed v is given by: 


a h? 


0* = — 
m2 


(15) 


1 
Ey, = 5 mv" 


(8) 


Hence, using equations 8 and 15: 
B= tmx 4 {(2)'+ (2) + (4) 
rege eae 2L 2L 
ie ta Ee é 
oe ie a: fi 1 
that is, Ey (4) +(3) +(¥) (16) 


This equation gives the possible values of the kinetic energy of any particle of 
mass m confined to a hollow cubical box of side L. But since the particle is free to 
move inside the box (its energy does not depend on its position), it only has one 
form of energy—kinetic energy—so equation 16 gives the total energy E of the 
particle: 


2 


8mL2 


{I? + J? + K?} (17) 


where we have dropped the subscript k from the left-hand side of equation 16. 


Equation 17 is probably the most important equation in this text: it says that any 
particle confined in a hollow cubical box can have only certain values of energy. In 
fact, this conclusion is quite general—any particle that is confined within any 
shape in three dimensions can have only certain values of energy. At last here is 
the quantum-theoretical reason why electrons in atoms have energy levels—it is 
because they are confined. 


But we should not be satisfied with the qualitative success of this prediction of the 
simple model. We must now check that the model can make reasonable quantita- 
tive predictions of the spacings of these energy levels. The model will stand or fall 
according to whether its predictions are in agreement with experimental data. Let 
us now put the model to the test! 


First, have a look at Figure 16, which shows the possible values of the energy of 
the confined particle up to the value of 12h?/8mI2. Remember that, in our simple 
model, the confined particle is an electron (so m is the mass of the electron) and L 
is the approximate diameter of the hydrogen atom, 3 x 10~!° m. As you can see 
from the Figure, quantum theory predicts that the confined electron cannot have 
zero total energy—its minimum energy is 3h?/8mI2. When the electron has this 
energy its eigen wave function is characterized by I = J = K = 1. 


You can also see from the Figure that some of the energy levels are degenerate: for 
example, the eigen wave functions characterized by the sets of numbers (fae 2, 
J=1, K=1), (=1, J=2, K =1) and (I=1, J=1, K = 2) are degenerate 
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Compare with equation 10. 
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since they all describe an electron that has energy 6h?/8mI?. By the way, don’t 
confuse the numbers J, J and K with the quantum numbers n, I, m and s, which 
are used to specify the energy levels of electrons in atoms. The two sets of numbers 
are not the same: the set of numbers refers to the energy levels of a particle 
confined to a hollow cubical box, whereas the set of quantum numbers refers to 
the energy levels of electrons in atoms. 


energy of the 
confined particle 


I=2 J=2 K=2 


I=3 J=1 K=1 I=1 J=3 K=1 I=1 J=1 K=3 


I=1 J=2 K=2 


I=2 J=1 K=1 I=1 J=2 K=1 [=| J=1 K=2 


FIGURE 16 The energy levels E of any 
particle of mass m confined to hollow cube 
of side L, up to E = 12h?/8mL’. From the 
Figure, you can see that several of the 
particle’s eigen wave functions are 
degenerate: for example, the particle has 
energy E = 9h?/8mI? when its behaviour is 
described by any one of three different sets 
of eigen wave functions. 


I=1 J=1 K=1 


How can we check to see whether the model gives a reasonable estimate of the 
spacings of the energy levels of the electron in the hydrogen atom? One way is to 
measure the wavelength of the electromagnetic radiation emitted when electrons 
make transitions from a higher energy level to a lower one. This is the technique 
used in the physics experiment at Summer School to find the spacings between 
certain energy levels of the electron in the hydrogen atom. 


We shall concentrate on the two lowest energy levels, shown in Figure 16. Sup- 
pose that an electron confined to the hollow cubical box of side 3 x 107'°m 
makes a transition from the second lowest energy level to the lowest one. A 
quantum of electromagnetic radiation (a photon) is ejected. Our aim is to find the 
wavelength of this radiation and to compare it with that of the radiation that 
comes from a hydrogen discharge tube when the electrons in the hydrogen atoms 
make transitions from their second lowest energy levels to their lowest ones. If the 
model is to be judged a good one, the wavelength that it predicts must agree with 
the experimentally measured value to within, say, an order of magnitude. 


Using Figure 16, what is the energy E,, of the quantum of electromagnetic 
radiation that is ejected when an electron confined to a hollow cubical box 
of side L makes a transition from the second lowest energy level to the 
lowest one? 


The energy is equal to the spacing between the two energy levels (Figure 16): 


Ser? 3H? 
Pe 8mI2——8mI2——s 8m I2’ 


It is quite a simple matter to calculate the energy of the photon explicitly (in 
joules), given that Planck’s constant h = 6.6 x 10~°* Js, that the mass of the 
electron m = 9.1 x 10~ °!kg and that, in the model, the sides of the hollow cubi- 
cal box that is supposed to contain the electron are of length L = 3 x 107!°m. 
Hence: 
= 3h? = 3 x (6.6 x 10> *4Js)? 
ph 8mI2— 8 x (9.1 x 1073! kg) x (3 x 10729 m)? 


= 2.0 x 10° ** 3’ s*kg" ‘m=? 
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Since 1J = 1kgm?s~? (from Unit 8), it follows that: 


Eon = 2.0 x 107189 


“Sometimes, units of electronvolts are used when discussing energy levels in atoms 
leV = 1.6 x 10° !°J. In these units, 


Epn = 12.5eV (18) 


You might recognize that this is quite a reasonable estimate of the difference 
between two energy levels in an atom. These differences are often of the order of a 
few electronvolts as you saw in Units 10 and 11. 


Before we can go on to find the wavelength of the electromagnetic radiation 
emitted when the electron makes the transition that we are studying, we need to 
find the frequency of the radiation. 


How is the energy Ep, of the emitted quantum of electromagnetic radiation 
(photon) related to its frequency f ? 


The two quantities are connected by the equation Ep, = hf, where h is 
Planck’s constant. (We first stated this in Unit 9.) 


The frequency f of the electromagnetic radiation is, therefore: 


ae 
po Em _ 20M > = 3 x 10's"! or 3 x 10° Hz (19) 


h 66x 10~2*Js 


It now only remains to find the wavelength of the electromagnetic radiation that 
is emitted when the transition takes place. 


How is the frequency f of electromagnetic radiation related to its 
wavelength A,aa? 


They are related by the formula c =fAraa, where c is the speed of light 
3 x 10®ms~!. You first met this relation between the speed, frequency and 
wavelength of a wave in Unit 9. 


Since the frequency f of the electromagnetic radiation is 3 x 10*°s * (from 
equation 19) its wavelength Ara 1S: 


e 3s 10° ms—! 


= 10° 7’m= 100nm 


Aiad = 


ff 3x 10487! 


Equation 20 gives the answer we have sought: it shows that when an electron that 
is confined to a hollow cubical box of sides 3 x 10~'° m makes a transition from 
the second lowest energy level to the lowest one, the wavelength of the emitted 
electromagnetic radiation is 100 nm. Now we should compare this result with the 
experimentally measured wavelength of the radiation emitted when electrons 
make a transition from the second lowest energy level to the lowest energy level in 
hydrogen atoms. When the experiment is done, it turns out that the wavelength of 
the radiation from this particular transition in hydrogen is 122 nm. 


This is remarkably close to the prediction of the simple model—the agreement is 
better than 20 per cent! We can, therefore, be confident that our simple model of 
the hydrogen atom is a good and useful one—not only does it allow us to under- 
stand why the electron in the atom has energy levels, it also gives a reasonable 
estimate of the spacing between the two lowest energy levels*. 


* But note that in the simple model, the value of L = 3 x 10° *° m was taken from a crude 
estimate of the average diameter of an atom. If we had adopted a more sophisticated 
approach and put L equal to the value of the diameter for the hydrogen atom determined by 
a chemical experiment, the agreement would not have been quite as good. 
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Incidentally, you may be wondering whether the 122 nm spectral line was one of 
those that you saw in the spectrum from the hydrogen discharge tube at Summer 
School. In fact, you could not have seen it, because its wavelength is outside the 
visible region, which is between 400 nm and 750 nm. 


Before we go on to make one last check on the ability of our model to account for 
the energy levels of hydrogen, you might like to look at Figure 17, in which we 
trace the steps which led to the successful prediction of equation 20 from the 
formula for the energy levels of an electron confined to a hollow cubical box of 
side L. We have checked that the model gives a reasonably accurate prediction of 
the difference between the two lowest energy levels in the hydrogen atom. But 
what about all the other energy levels of the electron in the atom—does the simple 
model also predict their spacings correctly? 


MODEL 


energy levels E of the confined electron are given by 
@ ole I y J \ K \? 
| ste + (Gr) + GE] 


SS 


L=3x107'19m 


(Figure 16) 


spacing between 

the two lowest 

energy levels is 
3h? 


8m 


ENERGY Ep,» of the quantum of 
electromagnetic radiation (photon) ejected 


FREQUENCY f of the radiation _ Eph 
is given by the equation h 


23% 16°s°* 


WAVELENGTH A,ag of the radiation 
is given byc=f Arad 


To answer this question, turn the page and look at Figure 18, which shows the 
spacings of the energy levels of the electron confined to a hollow cubical box of 
sides 3 x 10° *° m (Figure 16) compared with the experimentally measured spac- 
ings of the energy levels of the electron in the hydrogen atom. 


As you can see, the simple model fails this test badly. Whereas the energy levels of 
the electron in the hydrogen atom get closer together as the energy of the levels 
increase in magnitude, the simple model does not predict that this should happen. 
Also, in the hydrogen atom there is a continuum of energy levels 13.6eV above 
the lowest energy level, whereas the simple model predicts the existence of an 
infinite number of separate energy levels above the highest level shown. We don’t 
have the space to put them all on the Figure! 


Why doesn’t the model predict the continuum of energy levels of the elec- 
tron in the hydrogen atom? 


Because when the electron is in the continuum, it is not confined. The 
simple model of the permanently confined electron is clearly not capable of 
describing this behaviour. 
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FIGURE 17 Summary of the steps that 
lead from the formula for the energy 
levels of an electron confined in a hollow 
cubical box (of sides 3 x 10~ 1° m) to the 
successful prediction of the spacing of the 
two lowest energy levels of the electron in 
the hydrogen atom. 


EXPERIMENTAL DATA 


The experimentally measured 
wavelength of the electromagnetic 
radiation emitted when an 
electron in a hydrogen atom 
makes a transition from the 
second lowest energy level 
to the lowest one is: 


122nm 


These agree to well within 
an order of magnitude 
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4.3 


HYDROGEN ATOM MODEL 


with an infinite number 
of energy levels above... 


continuum 


Does this disagreement between experiment and the predictions of the model 
imply that quantum theory is incapable of describing the behaviour of the elec- 
tron in the hydrogen atom? Such pessimism is unjustified—the failure of the 
model is not caused by the failure of quantum theory. Rather, it is due to the 
unrealistic assumption made in the formulation of the model, that the electron in 
the hydrogen atom is permanently confined in a volume the shape of a cube. 


The main virtue of the model is that it enables us to show simply how quantum 
theory can be used to give an understanding of why the electron in the hydrogen 
atom has energy levels. As we said in Section1, this experimental fact cannot be 
explained by the Newton’s laws and by the laws of electricity and magnetism, 
which work so well when applied to matter on the large scale. 


The success of quantum theory 


You have just seen how a simple quantum-theoretical model of the electron in the 
hydrogen atom predicts correctly that the electron should have energy levels and 
that the spacings of the two lowest levels should be several electronvolts (equation 
18). 


The questions which naturally arise are, first, “Is it possible to formulate quantum- 
theoretical models that give a better description of the energy levels of the electron 
in the hydrogen atom?’ and, secondly, ‘Can quantum-theoretical models suc- 
cessfully describe the behaviour of multi-electron atoms?’ The answer to each of 
these questions is yes. There is an equation, due to the Austrian physicist Erwin 
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FIGURE 18 Comparison of the 
experimentally measured energy levels of the 
electron in a hydrogen atom, with those of an 
electron confined to a hollow cubical box of 
sides 3 x 10° 1° m. Notice that although the 
spacings of the higher energy levels disagree, 
the spacing of the two lowest levels agree to 
well within an order of magnitude. 


Schrodinger, which allows the eigen wave functions of the electrons in any atom 
to be calculated, without the need to make the assumptions that were made in the 
formulation of the simple model. For example, Schrodinger’s equation allows us 
to take into account the variation of the electrostatic forces on the atomic elec- 
trons when calculating their eigen wave functions. There is no need, when using 
this equation, to assume that the electrons are confined to a hollow cubical box. 


However, it is difficult to describe the behaviour of the atomic electrons of atoms 
that are heavier than hydrogen. 


Can you suggest why? 


The reason is that when more than one electron orbits a nucleus, both the attrac- 
tive force between the electrons and the nucleus and the repulsive force between 
the electrons themselves have to be taken into account. It turns out that this 
difficulty precludes the possibility of calculating exactly the eigen wave functions 
of the electrons in the atoms that are heavier than hydrogen. The eigen wave 
functions can, however, be calculated approximately, and the predictions of these 
calculations agree very well with the relevant data. 


As you'll be hearing in Radio 15, the formulation of quantum theory in the 
mid-1920s was a revolution in physics that was comparable to the one brought 
about by Newton in the seventeenth century. The quantum theory is now used 
to explain such diverse phenomena as the conduction of charge, magnetism, the 
operation of electronic devices such as diodes and transistors, the transparency 
of glass and the wavelengths of electromagnetic radiation that come from street 
lights. 


In fact, no experiment has been done to date which is in conflict with the predictions 
of quantum theory. It would be a very great day for experimental physics if sucha 
disagreement were detected—until that day comes, quantum theory will remain 
indisputably one of the pillars of modern physical science. 


Now try SAQs 8 and 9, which check that you can: 
(a) Interpret equation 17. (SAQ 8) 


(b) Recognize true and false statements about the applicability of the simple 
model of the electron in the hydrogen atom. (SAQ 9) 


SAQ 8 Calculate the possible values of the energy of an electron that is 
confined to a hollow cube of side 3 x 107 !° m. 


How much energy must be transferred to the electron if it is to make a 
transition from the energy level characterized by J = 1,J = 1,K = 1 tothe 
energy level characterized by J] = 1, J = 3, K = 3? What happens if the 
electron makes this transition and then makes a transition to the energy 
level characterized by J = 1, J = 1, K = 3? 


(Planck’s constant h = 6.6 x 10°°*Js and the mass of the electron is 
9.1 x 10°34 kg.) 


SAQ 9_ This question is about the simple model of the electron in the 
hydrogen atom in which it is supposed to be confined to a hollow cubical 
box of side 3 x 107!°m. 


Note down whether the following statements about the model are true or 
false. In those cases in which you think that the statement is false, give a 
reason for your answer. 


(a) In formulating the model, no account was taken of the electron’s spin. 


(b) The three numbers that characterize the eigen wave functions (and 
energy levels) of the electron inside the hollow cube are the same as the 
quantum numbers n, | and m, which are used to characterize the energy 
levels of an electron in a hydrogen atom. 


(c) The model predicts correctly the continuum of energy levels of the 
electron in the hydrogen atom. 


(d) The reason for formulating the model was to calculate exactly the 
energy levels of the electron in the hydrogen atom. 


Schrodinger’s equation 
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The atomic nucleus 


5.1 Introduction 


5.2 


We now turn our attention to the nucleus of the atom, which was first discussed 
back in Sections 3 and 4 of Units 10 and 11. We said there that the nucleus is the 
positively charged core of the atom which (except, of course, for the {H nucleus) 
contains both protons and neutrons (Figure 19). Since these particles are very 
much heavier than the orbiting electrons, the nucleus contains most of the mass of 
the atom. 


In Units 10 and 11, you also met the phenomena of radioactivity (decays of nuclei) 
and nuclear fission and fusion. Now, in the next few sub-Sections, we shall discuss 
in more detail these processes and the energy changes that are associated with 
them. But first, we shall go over the basic description of the nucleus and then 
consider the force that holds it together and the amounts of energy that would be 
required to break it apart. 


The contents of the nucleus 


The proton and neutron have practically the same mass but they have different 
charges: the proton is positively charged and the neutron has no charge at all. As 
you saw in Units 10 and 11, in order to specify the number of each of these 
particles in a nucleus two numbers are needed—its mass number 4 and its atomic 
number Z. 


Can you remember the definition of the mass number A and of the atomic 
number Z? 


The mass number A of a nucleus is defined as the total number of protons and 
neutrons that it contains; this number tells you how many particles there are in 
the nucleus. The atomic number Z of a nucleus is defined as the number of 
protons that it contains. 


In that case, what is the charge of the nucleus? 


The charge of the nucleus is + Ze, where e is the magnitude of the charge of the 
electron. Remember that the proton and the electron have charges of the same 
magnitude but of opposite sign: this is why there are as many electrons in a neutral 
atom as there are protons in its nucleus. 


One curious property of the atomic nucleus is that atoms whose nuclei contain 
the same number of protons but different numbers of neutrons have the same 
chemical properties. This is because these properties depend only on the number 
of electrons in the atom, which in turn depends only on the number of protons in 
the nucleus. 


Can you remember the name given to nuclei that contain the same 
number of protons but that contain different numbers of neutrons? 


Such nuclei are known as isotopes; they all have the same atomic number 
Z, but have different mass numbers. 


The contents of the nucleus of an element are usually noted down by writing 
before its chemical symbol, the atomic number of the nucleus (written below) and 
its mass number (written above). For example, the isotope of silicon with A = 27 
and Z = 14 is written ?/Si. 


Now check that you have understood this notation and that you know the basic 
properties of the particles in the nucleus, by doing ITQ 6 which re-tests Objective 
7 of Units 10 and 11. 


ITQ 6 Consider the isotope $§Zn of the element zinc. 
(a) How many protons does the nucleus contain? 


(b) How many neutrons does it contain? 
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FIGURE 19 A visualization of an atom, 
which generally consists of negatively 
charged electrons moving around a 
positively charged nucleus of protons and 
neutrons. 


5.3 


(c) Given that the charge of the electron is —1.6 x 10° '°C, what is the 
charge of the nucleus? 


(d) How many electrons move around the nucleus of a neutral atom of zinc? 


(e) A nucleus X is detected that has an atomic number of 31. Is X an 
isotope of zinc? 


What force holds the nucleus together? 


The ‘diameter’ of any nucleus is about 3 x 107!’ m. This is very small indeed 
compared with the diameter of the atom, which is typically 3 x 107~'° m—the 
nucleus takes up proportionately about as much space in the atom as a pinhead 
inside Wembley Stadium! 


Since the atom is so much larger than the nucleus that it contains, the nucleus 
does not participate in chemical reactions that take place when some electrons 
of the atom are free to bond. The nucleus is much too far away from these 
electrons to partake in this activity. 


The density of the nucleus is very much higher than that of the rest of the atom, 
since it contains most of the atom’s mass in a very small volume. In fact, experi- 
ments show that the density of an atomic nucleus is typically 10** times greater 
than the density of water. This means, for example, that if a 5cm* tablespoonful 
of atomic nuclei could be prepared, it would have a mass of about 10!? kg—about 
as much as Ben Nevis! 


What force is responsible for the binding of the protons and neutrons to 
form the extremely dense nucleus at the core of the atom? Could it be the 
electrostatic force? 


You saw in Unit 8 that the electrostatic force between particles of the same sign 
charge is always repulsive and that there is no electrostatic force between un- 
charged (neutral) particles. This implies that the electrostatic force cannot be 
responsible for the binding of the protons and neutrons in the nucleus: there is no 
electrostatic force between the neutrons, or between the neutrons and protons, 
and the forces between the protons only tend to push them apart! 


There is, however, an attractive gravitational force between all types of particles, 
charged or uncharged—the question is whether this force is strong enough to 
overcome the repulsive electrostatic force between the protons. In fact, the gravita- 
tional force between two protons is very much weaker than the electrostatic force 
between them. If you want to prove this statement for yourself, do ITQ 7 but, if 
you are content to take it on trust, just skip it and read straight on. 


ITQ7 The magnitude of the attractive gravitational force F, between two 
protons, p,; and p,, is given by Newton’s law of gravitation: 


Gm, mM 
2 


F, = 


where m, and m, are their masses (both are 1.7 x 10°?’kg) and where 
r is the distance between them. G is the gravitational constant: 
6.7 x 10°11 Nm?’kg~?. 


The magnitude of the repulsive electrostatic force, F.; between the protons 
is given by Coulomb’s law: 


A 
re = ag 


where Q, and Q, are the charges of the protons (both are + 1.6 x 107°C), 
where r is the distance between them and where A is a constant: 9.0 x 
10° N m?C ?. Use these two laws to calculate the magnitude of the gravi- 
tational force and of the electrostatic force between two stationary protons 
when they are separated by 3 x 107° m (approximately the diameter of 
the nucleus). What is the ratio of these two magnitudes? 


If the electrostatic and gravitational forces between the particles in the nucleus 
cannot bind them, then what force does? One possibility is that the particles are 
moving and that there are attractive magnetic forces between them. However, it 
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turns out that such forces are always far too small to be responsible for the 
binding—we do not have time to prove this here, but we hope that you will take 
our word for it. 


The force which is responsible for the binding of the protons and neutrons in the 
nucleus is known as the strong force. We have not mentioned this type of force so 
far in the Course, mainly because its effects are not directly encountered in every- 
day life, unlike those of the gravitational and electrostatic force. Whereas the 
gravitational force acts on all masses and the electrostatic force acts on all station- 
ary charged objects, the strong force acts only on certain particles of which the 
proton and the neutron in the nucleus are two prime examples*. This force does 
not act on electrons. 


The strong force has four characteristics. First, it is predominantly attractive 
when it acts between positively charged protons or between uncharged neutrons 
or between both. This is to be expected, since this force binds both types of particle 
to form a nucleus. The second characteristic of the strong force between the 
particles in the nucleus is that it is independent of their charges. This means, for 
example, that the magnitude of the strong force between two neutrons is exactly 
the same as that between two protons and that between a neutron and a proton 
(at the same separation). The gravitational and electrostatic forces between them 
are, nevertheless, different because they have different charges and slightly differ- 
ent masses. 


The third characteristic of the strong force is its enormous strength compared 
with the electrostatic, magnetic and gravitational forces. The strong attractive force 
between two protons is very much greater than the repulsive electrostatic force 
between them—this is why they don’t fly apart but, instead, stay bound tightly in 
the nucleus. 


Finally, the strong force acts only over a very short distance, about 3 x 10° ** m; 
all nuclei have approximately this diameter. It is this last characteristic of the 
strong force that enables an understanding of the results of Rutherford’s classic 
experiment, in which a-particles are scattered from gold nuclei (as we first 
described in Section 3 of Units 10 and 11). You may remember that the a-particles 
are scattered by their electrostatic repulsion from nuclei (Figure 20). 


Why do you think that the a-particles were not attracted by the strong force 
of the gold nuclei? 


The answer is because they do not get close enough (within 3 x 10715 m) to feel 
the strong force. The result of this experiment shows clearly that the electrostatic 
force has a much longer range than the strong force. 


Before we leave this subject, we ought to mention one important difference be- 
tween our understanding of this force and our understanding of the gravitational 
and electrostatic force. Whereas the latter are each described by a simple law 
(Newton’s law of gravitation and Coulomb’s law, respectively), no law is known 
which describes the action of the strong force. Nuclear physicists have sought 
such a law for decades, but their efforts have not been successful to date. 


Now have a look at Table 2, in which some of the properties of the gravitational, 
electrostatic and strong forces are compared. Four entries in this Table are 
missing. 


ITQ 8 Fill in the missing entries (a—-d) of Table 2. 


That concludes our discussion of the strong force. You should now know the 
characteristics of this type of force and know how they compare with those 
of the electrostatic and gravitational forces. To test that you have achieved 
this Objective, try SAQ 10. 


SAQ 10 Select from the following statements, those that are true and 
those that are false: 


(a) The only type of force that acts between two neutrons is the strong force. 
(b) The strong force is of very short range. 


* You will be seeing in Unit 31 that there are many other particles that respond to the 
strong force. 
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strong force 


FIGURE 20 In Rutherford’s experiment, 
some a-particles are scattered by their 
electrostatic repulsion from gold nuclei. 
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TABLE 2 Comparison of the properties of the gravitational, electrostatic and strong forces 


GRAVITATIONAL FORCE | ELECTROSTATIC FORCE STRONG FORCE 


(a) only certain types 
acts on of particle (e.g. 
protons and neutrons) 
where its effects (b) attraction between dust 
particles and gramophone nowhere 
records, etc. (See Unit 8) 
(c) 


are plainly seen 
in everyday life 
long range (e.g. attraction 
of dust particle to record 
over several centimetres) 


in order of 
strength 


long range (e.g. acts 
between Sun and Earth) 


law that Newton’s law of 
describes the gravitation none known at present 
force 


(c) There is a simple law that describes the strong force between two 
protons. 


(d) The strong force is responsible for the binding together of protons and 
neutrons to form a nucleus. 


(e) The gravitational and electrostatic forces do not act between the par- 
ticles in a nucleus. 


(f) The results of Rutherford’s experiment, in which a-particles are scattered 
by gold nuclei, show that the strong force has about the same range as the 
electrostatic force. 


5.4 The energy levels of the nucleus 


In one respect, the particles in the nucleus behave similarly to the electrons that 
move around them: both are confined in three dimensions. visualization of a nucleus 


What kind of probability waves, therefore, would you expect to describe the 
behaviour of the protons and neutrons in the nucleus? 


You should expect them to be described by three-dimensiona! standing 
probability waves, the same type of waves that describe the behaviour of 
electrons in atoms. This should lead you to expect that the energy of the 
confined protons and neutrons is quantized, i.e. that they have different 
energy levels. 


How can the typical spacing of the energy levels of the particles in the nucleus be 
calculated ? One way is to use a model similar to the one formulated in sub-Section 
4.2 to describe the behaviour of the electron in the hydrogen atom. In that case, 
we compared the behaviour of the electron in the atom with that of an electron model of a proton in the nucleus 
confined to a box whose side was roughly the same as the diameter of the atom, 

3 x 10° '° m. Now, in order to study the behaviour of the confined particles in the 

nucleus, we shall use a model in which a proton is confined to a hollow cubical proton 
box whose sides are approximately the diameter of the nucleus: 3 x 107!5m tees - 
(Figure 21). The aim is to calculate the spacings between the confined proton’s 

energy levels and to compare them with those of the protons and neutrons in a 

real nucleus. 


This model of the proton in the nucleus is an even cruder model than that of the 

electron in the hydrogen atom. The proton in a heavy nucleus is confined with oe : 

many other protons and neutrons, and yet we are hoping that their presence will L=3x10""m 
pipe: a small effect on the results of pe i model. Since we have ignored FIGURE 21 In the simple model of the 
all the variations within the nucleus of the forces on its constituents, we cannot proton in the nucleus, the proton is 


expect the model to predict correctly the spacings of their energy levels. But supposed to be confined to a hollow 
perhaps we can expect some success if we ask the model to predict the spacing cubical box. each of whose sides is of 
between the two lowest energy levels of a proton in the nucleus—remember that length 3 x 107! m. 


29 


the simple model of the electron in the hydrogen atom predicted the spacing 
between the two lowest energy levels to within 20 per cent. 


To find the possible values of the energy of a proton confined to a hollow cube, we 
have to use equation 17, which applies to the confinement of any particle to any 
hollow cube of side L: 


E= Fall) * (ix) * (ax) 


h2 
~ &mI2 


(17) 


\ ted? KE 


As in the case of the confined electron, the spacing between the two lowest energy 
levels of the confined proton is 3h?/8mL? (Figure 16). Since the length L of each 
side of the confining hollow cube is taken to be 3 x 107 '* m, and since the mass 
m of the proton is 1.7 x 107?’ kg, the spacing of the confined proton’s two lowest 
energy levels is: 


| 3 x, (6.6 x 107-34)? : 
Sml? 8 x (1.7 x 10 es ee 
=11x107''J 
= 6.9 x 10’eV 


= 69 million electronvolts 


According to this simple model, the spacing of the two lowest energy levels of a 
proton in a nucleus should be 69 million electronvolts, which is conventionally 
written 69 MeV. Thus, the model predicts that the spacing of the two lowest 
energy levels of a proton in a nucleus should be very roughly a million times 
greater than the spacings of those of the electron in a hydrogen atom! The main 
reason why the model predicts this huge difference between these spacings is that 
the diameter of the nucleus is about 100000 times smaller than the diameter 
of the atom to which the electron is confined. (The difference between the mass of 
proton and that of the electron is another reason for the differences in the spacings 
of their energy levels, although this factor is less important.) 


We should now compare the data on the two lowest energy levels of various 
nuclei with this prediction to see if it is correct to within about an order of 
magnitude. The comparison shows that the spacings are not as wide as the model 
predicts—for example, the two lowest energy levels of the nuclei '2C, 7$Mg and 
48Ca are spaced by 4.4 MeV, by 1.8 MeV and by 3.8 MeV, respectively. These are 
more than ten times smaller than the prediction of the model. So this time our 
simple model of the confined particle in a box does not enjoy the same degree of 
success as it did when we applied it to find the spacings of the two lowest energy 
levels of the electron in a hydrogen atom. However, the agreement is really as 
good as we should have dared to expect—remember that we completely ignored 
both the strong force on the confined proton due to the other particles in the 
nucleus and the electrostatic forces! The model does at least predict correctly that 
the lowest energy levels of the protons in the nucleus should be very much more 
widely spaced than the corresponding energy levels of the electron in the 
hydrogen atom. 


What about the higher energy levels of the proton in the nucleus—is it reasonable 
to expect the model to predict correctly their spacings? To answer this question, 
have a look at Figure 22, which shows the experimentally measured spacings* of 
the lowest few energy levels of the constituents of '2C, {$Mg and 36Ca. As you can 
see, the pattern of the spacings of these energy levels is not at all like those of the 
simple model that are shown in Figure 16. As in the case of the electron in the 
hydrogen atom, the simple model fails to predict the exact spacings of the lowest 
energy ‘levels of the confined particle because it does not take into account 
the variation of the confining force. 


How much energy must be transferred to different nuclei if one of their constitu- 
ent protons and neutrons is to be removed? Well, the amount of energy required 
to do this is different for each nucleus, but it always takes roughly several MeV of 
energy. Just as the energy levels of atomic electrons are separated by electronvolts 


* In TV programme 30, we visit the nuclear physics laboratory of the University of Liver- 
pool to find out how the energy levels of 2€Mg can be measured. 
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and ionization energies are typically several eV, so the energy levels of the con- 
stituents of nuclei are separated by millions of electronvolts and the amounts of 
energy required to remove them are also equal to several MeV. 
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2.5 MeV 


FIGURE 22 The spacings of the lowest energy levels of the nuclei 
12C, 78Mg and 42Ca. 


When we come in Sections 6 and 7 to consider the energy changes that take place 
during nuclear decays and reactions, we shall need to know exactly how much 
energy is required to unbind the constituents of the nuclei concerned. We shall, 
therefore, return to discuss this subject further in sub-Section 5.6, after we have 
discussed the different nuclei that exist. 


Now do SAQ 11 to check, first, that you can recall the spacing of the energy levels 
of the protons and neutrons in the nucleus and, secondly, that you understand the 
application of the model of the nucleus that was used in this sub-Section. 


SAQ 11 Which of the following statements are correct about the spacings 
of the energy levels of the protons and neutrons in the nucleus? 


(a) They are of the order of eV. 
(b) They are of the order of MeV. 


(c) They are very much greater than those of the electron in the 
hydrogen atom. 


(d) They are exactly the same as the energy levels of a proton confined to a 
hollow cubical box of sides 3 x 107 15m. 


(e) If a proton makes a transition from the second lowest energy level to the 
lowest one, then MeV of energy should be released. 


Which nuclei exist? 


How many isotopes are there of the nuclei that occur in Nature? You might 
expect that there is an infinite number; if there exists a magnesium nucleus that 
contains 12 protons and 12 neutrons, why shouldn’t there exist one which con- 


tains, say, 12 protons and 30 neutrons or 12 protons and any other number of 
neutrons? | 


ln fact, many of the isotopes of each nucleus are unstable, that is, they undergo a-, 
B- or y-decay into other nuclei; only a few of the elements’ isotopes are completely 
stable (i.e. will not decay). For example, consider the isotopes of magnesium. This 
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element has five unstable isotopes—?4Mg, 73Mg, 73Mg, {3Mg and 75Mg—but 
only three stable isotopes—73Mg, {3Mg and 7$Mg—and those occur with differ- 
ent abundances, 78.8 per cent, 10.1 per cent and 11.1 per cent respectively. 


In Figure 23, we have plotted the number of protons and the number of neutrons 
in each stable isotope found in Nature. Notice that, like magnesium, each element 
has only a few stable isotopes. 


ITQ 9 Use Figure 23 to complete Table 3, which gives the number of 
protons and the number of neutrons in the stable isotope(s) of nine 
elements. 


TABLE 3 


Element | The number of protons in The number of neutrons 
the nucleus = atomic (A — Z) in each stable 
number Z of the nucleus isotope of the nucleus 


2 


18, 20 


88, 90 
104, 105 
122, 124 


Notice from Table 3 that stable isotopes whose atomic numbers are less than 
about 17, contain roughly the same number of neutrons as protons. However, 
stable isotopes with a greater atomic number contain more neutrons than protons. 
The amount by which the number of neutrons in a stable isotope exceeds the 
number of protons that it contains, is known as its neutron excess. This term is 
also applied to unstable isotopes. 


Is it surprising that nuclei with large Z have a neutron excess rather, say, 
a neutron deficiency? 


It is not really surprising, because when neutrons are ‘added’ to a nucleus, they are 
bound by the strong force to the other neutrons and protons that are already 
there: no electrostatic force acts on neutrons, since they are uncharged. But 
compare this with what would happen if more protons were ‘added’ to a 
nucleus—they would be repelled by the electrostatic force due to all the other 
protons in the nucleus. For this reason, it is easier to ‘add’ neutrons to a nucleus 
than it is to ‘add’ protons to it. You might think that it should be possible to ‘add’ 
as many neutrons as we like to a nucleus. But this turns out not to be possible in 
practice—if a nucleus contains too many neutrons (has too large a neutron 
excess), it is unstable and undergoes B-decay, which we shall describe in 
detail in sub-Section 6.3. 


There is one other feature of Figure 23 that you should note: the graph terminates 
at the point that depicts the isotope that contains 83 protons and 126 neutrons. 
This isotope of bismuth is the heaviest stable isotope. We have not shown isotopes 
of thorium (Z = 90) or uranium (Z = 92) because, strictly speaking, they are not 
stable—they have half-lives of about 10'° years, so they are moderately abundant 
on Earth. 


Why do you think there is a limit to the mass number (the number of 
constituent protons) of stable isotopes? 


The reason for this is that after a point (when the nucleus contains 83 protons), 
the effect of the mutual electrostatic repulsions between the protons in the nucleus 
overcomes the effect of the strong attractive force between them. 


Now check that you can interpret correctly Figure 23 by doing SAQ 12. 


SAQ 12 A nucleus is detected whose mass number is 212 and whose 
atomic number is 86. (a) What is the neutron excess of this nucleus? (b) 
Why is it not plotted on Figure 23? 
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number of protons in the isotope = Z 


FIGURE 23 The number of protons in each of the stable nuclei plotted against the number of neutrons that they contain. 
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5.6 How much energy is required to unbind nuclei? 


This is the last question about nuclei that we need to answer before we can discuss 
in detail the processes of radioactive decay, nuclear fission and fusion. 


We have already said that the energy levels of the particles in the nucleus are 
separated by millions of electronvolts (MeV) and that, in order to remove one of 
its constituents, an amount of energy of about this order of magnitude must be 
transferred to it. 


Many accurate experiments have been done to find exactly how much energy is 
required to break apart the different nuclei. It is often said that such experiments 
determine the ‘total binding energy of a nucleus’, but this is misleading and we 
shall use here another term (with exactly the same meaning), namely, ‘the total 
energy required to unbind the nucleus’. When it is said that the “binding energy of total energy required to unbind a nucleus 
a certain nucleus is 500 MeV’, it is meant that 500 MeV of energy must be 
transferred to that nucleus in order to break it up into free protons and neutrons 


transfer 500 MeV 
of energy 


— = 
® FIGURE 24 500MeV must be transferred 
s : : ° 
= to this particular nucleus, in order to 
unbind its constituent protons and neutrons. 
* This nucleus, therefore, has a total 
unbinding energy of 500 MeV. 
protons and neutrons bound in a nucleus free protons and neutrons 


(Figure 24). One way of expressing this, is to write down a kind of energy 
equation: 


a certain bound nucleus +500 MeV — free (unbound) protons and neutrons 
(19) 


This equation also implies that, if the free protons and neutrons were brought 
together to form the bound nucleus in question, then 500 MeV of energy would be 
released. To see this, it is best to write the equation the other way round. 


free (unbound) protons and neutrons — the bound nucleus +500 MeV 


Hence, the ‘energy required to unbind a nucleus’ means exactly the same thing as 
the ‘energy released when free protons and neutrons are brought together to form 
a nucleus’. In this Unit, we shall usually use the first of these expressions and, in 
keeping with common practice, we shall divide the total energy required to 
unbind the nucleus by the number of protons and neutrons in the nucleus (given 
by its mass number A). This gives the average energy required to unbind a proton 
or neutron from the nucleus: 


total energy required to completely unbind all of 
the protons and neutrons in the nucleus. 
mass number A of the nucleus 


__ Javerage unbinding energy of a nucleus average energy required to unbind a proton 
~ | per constituent proton and neutron or neutron from a nucleus 
This quantity is plotted in Figure 25, and there are three points that you should Figure 25 is on the fold-out page 55. 


notice about this graph: 


1 The average energy required to unbind a proton or neutron from any of the 
nuclei with mass number A greater than 10 is approximately the same, 8 MeV. 
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2 The graph has maxima at the points that describe 38Fe and $§Ni, whose 
average unbinding energy per constituent proton and neutron is 8.79 MeV. The 
constituents of these nuclei are, therefore, more tightly bound than those of any 
other nucleus. 


3 The average amounts of energy required to unbind a proton or neutron from 
certain nuclei are markedly higher than those immediately closest to them in mass 
number—in other words, there are certain nuclei that are exceptionally strongly 
bound for their mass numbers. Two such nuclei are '8O and '2C. 


ITQ 10 Use Figure 25 to find another nucleus whose constituents are 
anomalously strongly bound for its mass number. 


Now try SAQ 13 to check that you understand the meaning of the term ‘energy to 
unbind the nucleus’ and that you can interpret correctly the graph shown in 
Figure 25. Please do not skip this SAQ as it tests an Objective that you must 
achieve if you are to understand clearly the material in the remaining Sections. 


SAQ 13. When a stable nucleus X of rubidium is made from 44 free pro- 
tons and 56 free neutrons, 8.6 x 10? MeV of energy are released. 


(a) Calculate the amount of energy that would be required to unbind all of 
the protons and neutrons from the stable nucleus X. 


(b) Use Figure 25 to find approximately the mass number of a stable 
isotope whose mass number is less than 46 and whose average unbinding 
energy per constituent proton or neutron is the same as that of X. 


(c) Are the protons and neutrons in the stable nucleus of oxygen 30 
more or less tightly bound than those in the nucleus X of rubidium? 


5.7 Summary 


This is a good place to pause for a moment, in order to summarize what we have 
said so far about nuclei. The most important points of our discussion have been: 


(a) Nuclei consist, in general, of protons and neutrons that are confined in a 
region whose ‘diameter’ is roughly 3 x 10° *° m. 


(b) The contents of a nucleus are specified by its atomic number Z and its mass 
number A. The first specifies the number of protons that the nucleus contains and 
the second specifies the total number of protons and neutrons that it contains. 


(c) Most nuclei have several isotopes that contain the same number of protons 
(have the same Z) but contain different numbers of neutrons (and, therefore, have 
different mass numbers). 


(d) The nucleus is held together by a predominantly attractive strong force, which 
is of very short range and much stronger than the electrostatic and gravitational 
forces. 


(e) The protons and neutrons confined in the nucleus have energy levels whose 
spacings are of the order of MeV. | 


(f) Stable nuclei with Z less than about 17 contain roughly the same number of 
protons as neutrons. Heavier stable nuclei contain more neutrons than protons, 
and this is known as their ‘neutron excess’ (a term that also applies to un- 
stable nuclei). 


(g) There is a finite number of completely stable nuclei; *g3Bi is the stable nucleus 
with the highest atomic number, 83. Some very nearly stable nuclei with higher 
mass numbers occur on Earth, and other unstable nuclei can be produced in 
nuclear physics laboratories. 


(h) The average unbinding energy of a nucleus per constituent proton and neu- 
tron is about 8 MeV for all but the lightest nuclei (Figure 25). 


Now we are in a position to discuss in detail the radioactive decays of nuclei and 
the processes of nuclear fission and fusion. 
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6 Radioactive decays of nuclei 


6.1 


6.2 


Study comment In this Section and in Section 7, we shall frequently use 
equations to describe the decays of unstable nuclei and to describe nuclear 
fission and fusion. For example: 


732U 236Th + $He + 10 MeV 
(a-particle) 
describes the a-decay of the uranium nucleus 73$U to form the nucleus of 


thorium 73$Th. Don’t be alarmed when you see equations of this type: you 


are not required to memorize them. You need only to understand the 
discussion of these reactions that we give in the text. 


Introduction 


You have met the phenomenon of radioactivity several times in this Course. We 
first mentioned it in Units 5, 6 and 7 when we said that it is the energy released in 
the radioactive decays of elements which is responsible for the very high tempera- 


’ tures of the Earth’s interior and, ultimately, for the energy that drives the massive 


lithospheric plates in the plate tectonic process; we returned briefly to this subject 
in Unit 28, Section 3.2. 


You also saw in Units 10 and 11 how the age of objects such as biblical documents 
can be estimated by measuring the amount of '€C that they contain—this is 
known as ‘carbon dating’. Finally, you saw in Section 5 of Unit 26 how the ages of 
certain minerals can be determined from a knowledge of the decay rates of their 
radioactive constituents. 


Now we Shall discuss radioactive decays in some detail. We begin by considering 
a-decay, the first of the different types of decay. Then, in sub-Sections 6.3 and 6.4, 
we shall go on to consider B- and y-decay. Finally, in sub-Section 6.5 we shall use 
this knowledge of the different types of decay to discuss in detail the 
238U — 738Pb decay process that you met when you studied geological dating in 
Unit 26. 


a-decav 


This type of decay occurs when a nucleus decays to form another with the ejection 
of a helium nucleus jHe (a-particle). You may remember from the answer to 
ITQ 10 that the helium nucleus 3He is particularly strongly bound for its mass 
number (Figure 25). 


An example of a-decay is provided by the decay of 238U into a thorium nucleus 
236Th and an a-particle: 


732U ?30Th + 3He (20) 


(a-particle) 


Notice the difference between the atomic number and the mass number of the 
original nucleus and those of the heavy nucleus that is formed after the decay. The 
mass number of the original nucleus decreases by four, and its atomic number 
decreases by two. Indeed, these changes always occur in a-decay: if nucleus X 
(whose mass number is A and atomic number is Z) undergoes a decay to form 
nucleus X’, then the equation that describes this decay is*: 


2x 


2_3X' + $He (21) 
(a-particle) 


Now have a look at Figure 26, which is a sketch of Figure 25, the graph of the 
average unbinding energy of nuclei per constituent proton and neutron. On 


* X and X’ are just labels that symbolize the original and the newly formed nucleus, 
respectively. We shall use the same labels when we come to discuss B- and y-decay. 
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Figure 26 are marked the points that describe 735U and *36Th. Notice that the 
protons and neutrons in the thorium nucleus, which is left after the 1-decay, are 
more tightly bound than those in the original uranium nucleus. 
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Now think about the total unbinding energies of the nuclei involved in the 
a-decay of 73$U. Is the total unbinding energy of this uranium nucleus equal to 
the total unbinding energy of the thorium and helium nuclei that are formed? Let 
us now calculate these unbinding energies to find out. 


(a) Before the a-decay 

What is the total amount of energy required to unbind the uranium nucleus 
235? 

From Figure 25, the average unbinding energy of the uranium nucleus per con- 
stituent proton or neutron is 7.55 MeV, to the nearest 0.05 MeV (which is the best 
accuracy obtainable from reading the points on Figure 25). Since there are 238 


particles in the nucleus, the total amount of energy required to unbind the nucleus 
is 238 x 7.55 MeV = 1.80 x 10° MeV. 


(b) After the decay 

The total amount of energy required to unbind the protons and neutrons from the 
thorium nucleus and the helium nucleus is calculated in the same way as we used 
just now to find the unbinding energy of the uranium nucleus: 


energy required to unbind 2 «= 234 x 7.60MeV 
protons and neutrons from “g9Th 
= 1.78 x 10° MeV 


energy required to unbind e ouerg TO MEY 
the protons and neutrons from 3He 
= 28.4MeV 


Hence, the total unbinding energy of the protons and neutrons in the thorium 
nucleus and the helium nucleus is: 


1.78 x 10? MeV + 2.84 x 10! MeV = 1.81 x 10° MeV 


This is 10 MeV greater than the unbinding energy of the protons and neutrons in 
the original uranium nucleus! 


What has happened to the difference between these unbinding energies? 


One way to answer this question is to picture the a-decay as a two-step process. 
First, consider all of the protons and neutrons in the *3$U nucleus as being 
temporarily freed; for this to be possible, 1.80 x 10° MeV of energy must be 
transferred to them as you saw above. 


Next, consider what happens in this picture when the freed protons and neutrons 
are brought together to form the helium nucleus and the thorium nucleus. Energy 
would be released: remember we said earlier in sub-Section 5.6 that the energy 
required to unbind protons and neutrons from a nucleus is equal to the energy 
released when free protons and neutrons come together to form that nucleus. The 
total amount of energy released when the helium nucleus and the thorium nucleus 
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FIGURE 26 Sketch of Figure 25, the 
graph of the average unbinding energy 
nuclei plotted against mass number 4. 
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are formed is 1.78 x 10° MeV + 28 MeV = 1.81 x 10° MeV. This picture shows 
that more energy is released when the helium nucleus and the thorium nucleus are 
formed than is required to break apart the uranium nucleus: there is a net release 
of 1810 MeV — 1800 MeV = 10 MeV of energy. Equation 20 should, therefore, be 
rewritten to ensure that the unbinding energy books are balanced: 


238 
92U 


234Th + $He + 10 MeV (22) 


(a-particle) 


Most of the energy released is transformed to the kinetic energy of the ejected 
a-particle. 


The a-particle does not have an easy time escaping from the uranium nucleus. The 
constituent protons and neutrons of the particle have to escape the strong force 
on them that acts inside the 738U nucleus. However—once that force is overcome 
and the a-particle is outside the newly formed thorium nucleus and, therefore, out 
of the range of the predominantly attractive strong force—the a-particle is 


repelled by an electrostatic force. 


Why is there an electrostatic force of repulsion between the ejected a- 
particle and the thorium nucleus? 


Because both are positively charged. They both contain positively charged 
protons and uncharged neutrons. 


The reaction that we have discussed is typical of a-decay: a nucleus X decays to 
form a lighter nucleus X’ whose constituent protons and neutrons are more tightly 
bound than those in the original nucleus, and a helium nucleus, which has several 
MeV of kinetic energy. The equation which describes this decay is: 


2X 4_3X' + He + several MeV of energy (23) 


which is more complete than equation 21 as we have included the energy released 
after the decay. 


You may remember from our discussion of radioactivity in Units 10, 11 and 26 
that samples of different nuclei decay at different rates. 


Can you remember how the decay rate of a nucleus is specified? 


Its decay rate is specified by its half-life, that is by the time taken for half of the 
sample to decay*. The shorter the half-life of a nucleus, the more of those nuclei 
will decay in a given time. 


The half-lives of a-decaying isotopes vary enormously: from about 10° ’s to 
about 10’° years. This variation puzzled physicists for many years after the 
discovery of this type of decay—indeed, it was difficult to understand why these 
isotopes have a decay ‘rate’ at all. Why shouldn’t every nucleus that can undergo 
a-decay do so, the moment it is formed? 


The answers to these questions were provided in 1928 by the quantum theory of 
a-decay, formulated by Gamow and, independently, by Condon and Gurney. 
Regrettably, we do not have time to explain here this sophisticated application of 
quantum theory, but we ought to point out that it is another success of the 
quantum theory of confined particles, which you met (in its simplest form) earlier in 
the text. 


You should now be familiar with the process of a-decay and know why it is that 
energy is released when a nucleus undergoes this type of decay. To check that you 
have achieved this Objective try SAQs 14 and 15. 
SAQ 14 A nucleus of polonium 7§;Po undergoes a-decay and one of the 
decay products is a nucleus of lead (Pb). Write down the equation for this 
reaction as fully as you can. 


* The term ‘half-life’ is used to specify the radioactive decay rates of all nuclei, not just those 
that undergo a-decay. 
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SAQ 15. The total energy required to unbind all the protons and neutrons 


from the nucleus 73{Pa of protoactinium is 1730 MeV. 


Calculate the amount of energy that is released when this nucleus under- 
goes a-decay, to form a nucleus of actinium (Ac). (Use Figure 25—read the 
appropriate point off to the nearest 0.05 MeV.) 


6.3 B-decay 


6.3.1 


We said in Units 10 and 11 that, in B-decay, a neutron in an unstable nucleus 
transforms into a proton with the emission of an electron (B-particle). But that is 
not the whole story—in some unstable nuclei the ‘opposite’ process can occur: a 
constituent proton transforms into a neutron with the emission of a type of 
particle known as a positron. 


The first, and more familiar, of these two processes is known as B~ -decay (since 
the emitted electron is negatively charged). The second of the processes 1s 
known as B* -decay (since the emitted positron has positive charge). We shall now 
describe these processes separately and in more detail. 


B  -decay 


As we just said, in B -decay a neutron in the original nucleus transforms into a 
proton with the emission of an electron (a B-particle or, rather, a B~ -particle). 


Does the mass number 4 of the original nucleus differ from that of the 
nucleus which is formed after the B~ -decay? 


No. The number of protons in the nucleus increases by one after the decay 
but the number of neutrons in it decreases by one. The total number of 
protons and neutrons in the nucleus (= A), therefore, stays the same. 


The atomic number Z of the original nucleus, however, does change after it has 
undergone B -decay. Since one of its constituent neutrons transforms into a 
proton, its atomic number increases by one. 


In B -decay, energy is always released: the amount that is released is usually (to 
within an order of magnitude) about 1 MeV and some* of this energy is trans- 
formed to the kinetic energy of the ejected electron (B-particle). The general 
equation for the B -decay of a nucleus X to a nucleus X’ is, therefore: 


x 


z+iX +e + an MeV or so of energy (24) 
(8B -particle) 


As an example of this decay process, consider the B~ -decay of the carbon nucleus 
“gC. In this process, the nucleus decays to form the stable nucleus of nitrogen !5N 
with the emission of an electron whose kinetic energy is of the order of 1 MeV 
(Figure 27). 
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* You will be seeing in Unit 31 that another particle called the neutrino is emitted in this 
decay process (and in B*-decay), although this particle is very hard to detect. We shall 
ignore the presence of this particle in this Unit. 


_(B- particle) 


FIGURE 27 
"SN. 
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The B~ -decay of /2C into 
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6.3.2 


The half-lives of nuclei that undergo B~-decay vary from about 1s to thousands 
of years, so it is not possible to give a typical half-life! Nevertheless, it is true that 
most nuclei that undergo B~-decay have shorter half-lives than those that 
undergo a-decay. 


B*-decay 


In B*-decay, a proton in the original nucleus transforms into a neutron with the 
emission of a positron (a B*- or e* -particle). This particle is one that you have not 
met before in the Course but that you will meet again in the next Unit: its chief 
characteristics are that it has the same mass as the electron—and that its charge is 
of the same magnitude but of the opposite sign. That is why the positron is usually 
denoted by the symbol e*. Now think about what happens to the mass number 
and atomic number of an unstable nucleus X when it undergoes B*-decay to 
form a nucleus X’. 


ITQ 11 Do the mass number and atomic number of the original nucleus 
X change after it has undergone B*-decay? 


The positron is usually ejected with a kinetic energy of roughly an MeV. This 


piece of information and the correct answer to ITQ 11 enable us to write the 
general equation for B*-decay: 


7X 


z-{X +e* + an MeV or so of energy (25) 


(B* -particle) 


Notice that in B*-decay, just as in B~ -decay, the atomic number Z changes after 
the decay, but the mass number remains the same. 


As an example of B*-decay, consider the B* decay of the carbon isotope !1C. In 
this process, the nucleus decays to form a stable nucleus of boron 1B, with the 
emission of a positron (e* or B*-particle) whose kinetic energy is about 1 MeV 
(Figure 28). 


positron 
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Now check that you are familiar with both the B~ - and the B*-decay processes, by 
doing SAQs 16 and 17. 


SAQ 16 The isotope of calcium that contains 17 neutrons decays to form 
a potassium nucleus with mass number 37 and atomic number 19. Of 
what type of decay process is this an example? Write down the equation 
that describes the decay. 


SAQ 17 An electron is emitted from a sample of potassium, with kinetic 
energy 2.6 MeV. Could this electron have been one of those that moved 
around the nucleus? If not, where do you think the electron came from? 


6.4 y-decay 


This is the simplest of the three decay processes to understand, since it is exactly 
analogous to the emission of a photon after an atomic electron in an excited state 
makes a transition to a lower energy level. 
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( B= particle) 


positron 


FIGURE 28 The B*-decay of ‘3C into 1B. 


The process of y-decay occurs when a proton or neutron in an excited nucleus 
makes a transition to a lower energy level and a photon carries off the difference in 
energy between two levels*. The ejected photon is usually referred to as a y-ray. 


Bearing in mind what you know about the spacings between the energy 
levels in nuclei, what would you expect to be the energy of a photon (y-ray) 
emitted from an excited nucleus? 


Since the spacings of the energy levels are of the order of MeV, you should 
expect that the energy of the y-ray is also of the order of MeV. 


The nuclei formed in a-, B-- and B*-decay are usually in excited states, that is, 
their constituent protons and neutrons occupy abnormally high energy levels. 
When these constituents make transitions, photons are ejected that carry off the 
excess energy. This happens in a very short time, typically 10~ 1*s. In the general 
equation that describes y-decay, a superscript star (*) is written before the name of 
the original nucleus X in order to indicate that it is in an excited state. Neither the 
mass number nor the atomic number of the nucleus X formed after the decay 
differ from those of the original nucleus X*. The general equation for the decay is, 
therefore, very easy to write down: 


axe 


#X + y with an energy of an MeV or so (26) 
(photon) 


An example of y-decay is illustrated in Figure 29. In this case, the nucleus '43Cd 


undergoes B~ -decay to form an excited nucleus of indium '43In* from which is 


1S aq 
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FIGURE 29 One ofthe neutrons in the '}3Cd nucleus decays into 
a proton, with the emission of an energetic electron (B -particle). 
An excited nucleus '33In* is formed after this B~ -decay, and this 
nucleus subsequently undergoes y-decay: one of its constituents 
makes a transition from one energy level to a lower one. A photon 
(y-ray) is ejected with energy 0.95 MeV, equal to the spacing be- 
tween the two energy levels. 


ejected a photon of energy 0.95 MeV. The equation that describes the second 
stage of this process is: 


113In* ——— 113In + y with energy 0.95 MeV (27) 
(photon) 


Now check that you are familiar with the process of y-decay by doing SAQ 18. 


SAQ 18 A nucleus of neon ?76Ne undergoes B~ -decay to form a nucleus of 
sodium, from which a photon is emitted soon afterwards. Write 
down the equation that describes the second stage of this decay and 
describe what happens to the nucleus of sodium when the photon is 
emitted. 


* After the excited nucleus has emitted a y-ray, the same type of nucleus is left, but, of 
course, it has less energy. So, perhaps, a better word for y-decay would be y-transition. 
But we shall adhere to the orthodox term y-decay. 


excited nucleus 
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6.5 


Decay chains 


Before we leave the subject of radioactivity, we ought to mention that unstable 
nuclei often decay via one or more other unstable nuclei before a completely 
stable one is formed. This applies particularly to the heavier unstable nuclei. For 
example, consider the decay 735U — 78§Pb that you met in connection with geo- 
logical dating in sub-Section 5.2 of Unit 26. After the decay, the mass number of 
the original nucleus has decreased by 32 and its atomic number has decreased by 
10. Clearly then, the uranium nucleus has not undergone just one a-, B--, B*- 
decay; the nucleus has undergone several decays in what is usually referred to as 
a decay chain. You can trace for yourself the ‘links’ in the decay using Figure 30. 


neutrons in 
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The Figure shows that the 735U nucleus first undergoes a-decay* to form the 
nucleus *36Th, which then undergoes B~-decay to form a 73*Pa nucleus. And so 
the decays go on until, finally, the completely stable lead nucleus 78$Pb is formed. 
When we said in Unit 26 that the half-life for the decay 73§U — ?98Pb is 4467 Ma, 
we meant that it takes that time for half of a given sample of 73§U to decay (via all 
the intermediate steps) into the completely stable léad nucleus 79SPb. 

One interesting point about the decay chain shown in Figure 30 is that when the 
nucleus *§3Bi is formed, it can either undergo a-decay to form 71°TI or it can 


undergo B” -decay to form *§4Po—we say that the 74$Bi nucleus has two decay 
channels. 


* This decay is described by equation 22 in sub-Section 6.2 on a-decay. 
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decay chain 


FIGURE 30 The decay chain 


238 , 206 
92U 32Pb. 


decay channel 
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Although the heavier unstable nuclei usually decay via several steps, it is quite 
common for the lighter unstable nuclei to decay straight into a stable nucleus. You 
met examples of this earlier on in this Section when we described the B~ -decay of 
*gC to form the stable nucleus 15N and the B*-decay of !1C to form the stable 
nucleus 13B. 


Radioactive decay—a summary 


In Section 6, we have given a fairly detailed description of what happens when 
nuclei undergo a-, B -, B*- and y-decay. The main points of our discussion have 
been: 


(a) When a nucleus undergoes a-decay a lighter nucleus is formed together with a 
helium nucleus (a-particle) which is ejected with kinetic energy of an MeV or so. 
In this type of decay, both the mass number and the atomic number of the original 
nucleus differ from those of the nucleus which is formed. 


(b) There are two types of B-decay: B~-decay and B*-decay. In B~-decay, a 
neutron in the original nucleus transforms into a proton and an electron 
(B~ -particle) is ejected with an MeV or so of energy. In B* -decay, a proton in the 
original nucleus transforms into a neutron and a positron (B* -particle) is ejected 
with an MeV or so of energy. In both types of B-decay, the mass number of the 
original nucleus does not change, whereas its atomic number does. 


(c) The process of y-decay occurs when a nucleus is an excited nucleus, say X*. Ifa 
proton or neutron in this nucleus makes a transition to a lower energy level, a 
photon (y-ray) is emitted that carries off the difference between the two energy 
levels. In this type of decay, neither the mass number nor the atomic number of 
the original nucleus changes. 


(d) The heavy unstable nuclei do not always decay directly to form a stable 
nucleus. For example, the unstable nucleus 73$U decays via many intermediate 
unstable nuclei before the completely stable nucleus 78§Pb is formed. 


You might find it useful to compare and contrast these different types of decay by 
looking at Table 4. You do not have to memorize the contents of this Table, but 
you should be able to deduce the general equation for each type of decay and the 
changes of A and Z that take place from what you know about the nature of the 
decays. In other words, you only need to recall (or, preferably, work out for 
yourself) the contents of the third column of the Table. 


TABLE 4 Comparison of the different types of radioactive decay 


The changes of A and Z of the 
The nature of the decay The general equation of the decay original nucleus 


a nucleus emits a helium nucleus several 


(a-particle) to form a new nucleus |4X 3_3X' + ¢He + MeV of A and Z both change 


that is more tightly bound (helium &DeTgy 


nucleus) 


a neutron in the original nucleus an MeV 
transforms into a proton with the |4X yuk Fe FOr 6e of 
emission of an energetic electron (B-- energy 


A stays the same 
(e- or B -particle) particle) ¥ 


a proton in the original nucleus an MeV 
transforms into a neutron with the z-1X +e* +or so of 
emission of an energetic positron (p+. energy 
(e*- or B*-particle) particle) 


and Z changes 


a proton or neutron in the original with an energy 

excited nucleus makes a transition | 7X* 2X + of an MeV or neither A nor Z change 
to a lower energy level with the (y- $0 

emission of a photon (y-ray) ray) 
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Nuclear fission and fusion 


Nuclear fission 


In the previous Section, we described that when a nucleus undergoes «-decay, an 
a-particle is ejected, a new and more tightly bound nucleus is formed and energy is 
released. There is a similar type of process, known as nuclear fission, in which a 
heavy nucleus decays with the release of energy into two lighter but more tightly 
bound nuclei of roughly equal mass and into some other very light particles. 


An example of this process is provided by a possible decay channel of the nucleus 


of fermium {36Fm in which it decays spontaneously into nuclei of xenon !4°Xe and 


of palladium '42Pd, with the emission of four neutrons: 


iooFm "3axe + '4¢Pd + 45n + about 150MeV of energy (28) 


Remember that the neutron has mass number A = 1 and atomic number Z = 0. 
so it is denoted by $n. 


ITQ 12 Check that in equation 28 the total number of protons and 
neutrons in the nucleus of fermium is equal to the number on the right-hand 
side of the equation. 


You can see from Figure 31 that the protons and neutrons in the xenon and 
palladium that are formed are more tightly bound than those in the fermium 
nucleus. Hence, MeV of energy are released (just as they are in a-decay) and this 
energy is transformed into the kinetic energy of the nuclei and neutrons formed 
after the decay. 
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An important point to bear in mind about this process of spontaneous fission is 
that the only nuclei that frequently undergo this type of decay are the heaviest, 
artificially produced nuclei like the example of {38Fm that we have just discussed. 
The vast majority of nuclei much more frequently undergo the other types of 


spontaneous decay (a, B and y) that we have described in Section 6. 


A more common type of fission occurs when energy is transferred to certain heavy 
nuclei by bombarding them with particles such as protons, neutrons and a- 
particles. For example, consider the fission of the uranium nucleus 235U. This 
nucleus hardly ever undergoes spontaneous fission but it can be induced to 
undergo fission by bombarding it with neutrons.* If a uranium nucleus captures 
one of these neutrons, it can form an unstable nucleus of uranium. 


What is the mass number and the atomic number of the unstable nucleus 


formed when the uranium nucleus 733U captures a neutron? 


The mass number of the original nucleus increases by one, so, for the 
nucleus formed, A = 236; the atomic number of the nucleus formed is the 
same as the original one, so Z = 92. 


* [t turns out that the induced fission process is most likely to occur if the 735U nucleus is 


bombarded by neutrons that have a very small amount of kinetic energy (roughly 0.03 eV). 
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FIGURE 31 Ona sketch of Figure 25 are 
marked the points that describe the nuclei 
that take part in the fission and fusion 
reactions discussed in Section 7. 
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The unstable uranium nucleus *3$U can decay in many different ways or, to put it 
another way, this nucleus has many decay channels. One channel through which 
it decays frequently is the one in which a nucleus of yttrium 23Y is formed 
together with a nucleus of iodine ‘23I and two neutrons, with the release of about 
200 MeV of energy: 


in + rete! aoety ao + | + 2hn + 200 MeV (29) 
incident unstable energy 
neutron uranium released 
nucleus 


Both of the nuclei that are formed in this reaction will undergo radioactive decays. 
In fact, the initial products of fission reactions are nearly always radioactive. 


An important feature of the fission reaction described by equation 29 is that the 
neutrons that are formed can be used again to bombard another 733U nucleus, 
which can beget yet more neutrons: this is called a chain reaction. 


As you can see from Figure 32, as more and more nuclei of uranium undergo 
fission, so more and more energy is released. It is in this way that the vast amounts 


235 


92U 


of energy are released in the explosion of atomic bombs* and, in a more con- 
trolled and potentially useful way, in nuclear power stations. Although only 
200 MeV, or 3.2 x 10°**J, are released when one 733U nucleus undergoes 
fissions, when a large number of nuclei in a block of uranium all undergo fission, 
then a huge amount of energy is released. 


How much energy (in joules) would be released if 2.35 x 10~! kg of 733U 
were to undergo fission by the process described in equation 29? 
(The Avogadro constant = 6.0 x 107° mol~'; 1 MeV = 1.6 x 107173) 


Since Imole of *33U has a mass of 2.35 x 107! kg, this mass contains 
6.0 x 10*° atoms, using the definition of the Avogadro constant that we 
gave in Unit 12. Hence, the amount of energy released would be 
6.0 x 10°* x (200 MeV) x (1.6 x 10°*° JMeV~1) = 1.9 x 10!3J. 


From the answer to this question, you can see that since a block of uranium 
contains so many nuclei, a vast amount of energy is released if they all undergo 
fission. In fact, the energy released from the fission of a 1kg block of uranium 
*33U is about a million times greater than the energy released from the combus- 


tion of the same mass of coal! 


Nuclear fusion 


There is another type of nuclear reaction, in which energy is released, that is in a 
sense the ‘opposite’ process to nuclear fission. In this other type of reaction, two 
nuclei fuse to form a heavier nucleus, with the release of energy. This is known as 
nuclear fusion. 


Consider the reaction in which two hydrogen nuclei 2H fuse to form a nucleus of 
helium 3He, with the emission of a neutron: 


*H + 7H 


3He + dn (30) 
Why is energy released in this process? 


* This type of bomb is known more correctly as a nuclear bomb. 
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chain reaction 


FIGURE 32 A neutron n bombards the 
nucleus *33U to form a 738U nucleus, which 
undergoes fission to form an iodine nucleus 
'33I, a yttrium nucleus 33Y and two 
neutrons; about 200 MeV of energy are 
released. If one of the produced neutrons 
collides with another uranium nucleus 733U 
and causes it to undergo fission, more 
energy will be released. And so the process 
can go on—it is a self-perpetuating chain 
reaction. 
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Have a look at Figure 33 which shows the positions of 7H and 3He on the graph 
of the average unbinding energy of nuclei per constituent proton and neutron 
plotted against mass number A. You can see from this graph that the protons and 
neutrons in the helium nucleus are more tightly bound than those in the hydrogen 
nucleus. Consider the unbinding energy of the constituent protons and neutrons 
before and after the fusion has taken place. 


(a) Before fusion 


The total amount of energy required to unbind the proton and neutron from one 
hydrogen nucleus is 2 x 1.1MeV =2.2MeV. Hence, the amount of energy 
required to unbind the protons and neutrons from both 7H nuclei is 
2 x 2.2MeV = 4.4 MeV. 


(b) After fusion 


The total amount of energy required to unbind the two protons and one neutron 
from the 3He nuclei is 3 x 2.6 MeV = 7.8 MeV. Another way of expressing the 
result of this calculation is that 7.8 MeV of energy would be released if two free 
protons and one free neutron were brought together to form the 3He nucleus of 
helium. 


The easiest way to see that energy is released in this nuclear reaction is to picture 
it as a two-step process, just as we did when we discussed the a-decay of 738U 
in sub-Section 6.2. To unbind the protons and neutrons from the two hydrogen 
nuclei, 4.4 MeV of energy would be required but, if two free protons and a free 
neutron were brought together to form the helium nucleus }He, 7.8 MeV of 
energy would be released. Hence, there would be a net energy release of 
7.8 MeV — 4.4MeV = 3.4 MeV. 


Equation 30 should, therefore, be written: 


4H + 2H 


3He + bn + 3.4MeV 3 (31) 


You may have noticed the similarity between the processes of nuclear fission and 
fusion. In nuclear fission, a heavy nucleus decays into two lighter ones (and 
possibly other products), whose constituent protons and neutrons are more 
tightly bound. Whereas, in nuclear fusion, two light nuclei fuse to form a heavier 
nucleus, whose constituent protons and neutrons are more tightly bound, and 
possibly other products. This can be seen clearly from our old friend the graph of 
the average unbinding energy of nuclei per constituent proton and neutron 
plotted against mass number A. You can see from Figure 33 that, owing to the 
shape of the graph, there are two ways in which nuclei can be formed in which 
their constituent protons and neutrons are more tightly bound than they were in 
the original nucleus: either light nuclei can combine to form a heavier one 
(nuclear fusion) or heavy nuclei can decay into lighter ones (nuclear fission). 
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There are hopes that some time in the future, a way will be found of harnessing the 
energy released from nuclear fusion processes and of converting it into electrical 
energy to supply homes and industries, just as today’s nuclear power stations are 
designed to harness the energy released in some nuclear fission processes. There 
are, however, many technological problems associated with the programme to use 
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FIGURE 33 In both nuclear fusion and 
nuclear fission, energy is released because 
tightly bound nuclei are formed from more 
loosely bound nuclei. 


energy from fusion and it is believed by most nuclear scientists that these prob- 
lems will take some decades to overcome here. We shall return in Unit 32 to 
comment on the possibility of solving the world’s fuel crisis by using energy 
released from nuclear fission and nuclear fusion. 


That completes our discussion of nuclear fission and fusion. You should now be 
familiar with these processes and be able to write down equations which describe 
them, given sufficient information about the mass numbers and atomic numbers 
of the nuclei involved. To test that you have achieved these Objectives, try SAQs 
19 and 20. 


SAQ 19 (a) Explain briefly the difference between spontaneous nuclear 
fission and induced nuclear fission. 


(b) A nucleus of uranium 73$U spontaneously undergoes fission to form a 
nucleus of iron (Fe) whose atomic number is 26 and a nucleus of dyspro- 
sium (Dy) whose mass number is 180: there are no other products of the 
decay. Write down the equation that describes this reaction, in as much 
detail as you can. 


SAQ 20 Two helium nuclei 3He fuse to form two hydrogen nuclei 1H and 
a nucleus of helium +He. 


(a) Write down the equation which describes this reaction in as much detail 
as you can. 


(b) Do you think it likely that this, or any other nuclear fusion process, is 
likely to occur spontaneously? 


Summary: from standing waves to nuclear fusion 


We began this text with a discussion of the standing waves that can exist on a 


string, and have just finished Section 7 by considering the energy changes that 
take place when two light nuclei fuse. In this summary, we shall trace the steps 
that led to the connection, made by quantum theory, of these two seemingly 
unrelated phenomena. 


The first problem that we tackled was to find a quantum-theoretical description of 
the electron in the hydrogen atom and of a proton in a nucleus. Both of these 
particles are confined, and so cannot be described by travelling waves. It turns 
out, however, that just as the behaviour of a free (unconfined) particle is described 
by travelling probability waves, so the behaviour of a confined particle is 
described by standing probability waves (eigen wave functions) that are analo- 
gous to the type of waves that can exist on a taut string that is clamped at both 
ends. 


For the same reason that the standing waves that can exist on a string can only 
have certain wavelengths, quantum theory predicts that a confined particle can 
only have certain energies. To put it another way, quantum theory predicts that a 
confined particle has energy levels. The spacings between these levels are inversely 
proportional to the mass of the confined particle and inversely proportional to the 
square of the dimensions of the confining body. By using a simple model of the 
electron in the hydrogen atom, we showed that quantum theory allows an under- 
standing of why the two lowest energy levels of the electron are spaced by a few 
electronvolts (eV). 


Encouraged by this success, we went on to formulate a crude model of a proton 
confined in a nucleus. Since the nucleus is so much smaller than the atom, the 
energy levels of a constituent proton are much more widely spaced than those of 
the electron. The lowest energy levels of the confined proton are separated by 
millions of electronvolts (MeV). 


The energy changes of the electrons bound in atoms are always of the order of 
electronvolts—for example, ionization energies are typically of this order of 
magnitude. In contrast, the energy changes that take place in nuclear reactions are 
always of the order of millions of electronvolts—for example, the energy required 
to unbind a proton or neutron from all but the lightest nuclei is always about 
8 MeV. Also, you saw in Sections 6 and 7 that the energy changes associated with 
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a-, B~-, B*- and y-decay and with nuclear fission and fusion are always measured 
conveniently in MeV. This is where we ended our discussion of atomic structure. 


It is possible to use advanced quantum theory to understand all of the sub-atomic 
phenomena that we have discussed in this Unit and indeed other phenomena that 
we have not had time to mention! Indeed, whenever research physicists have to 
solve a problem concerning the microstructure of matter, they always use the tried 
and trusted quantum theory. In addition they often use another well-known and 
important theory, Einstein’s theory of special relativity. We shall be using some of 
the results of this theory when we describe the current search for fundamental 
particles in the next Unit. However, as a foretaste you should read the next 
Section, which is assessable, to see how the most famous equation of this theory, 
E = mc’, can be used to find the unbinding energy of nuclei. 


Postscript: Einstein’s equation E = mc? 


In Sections 5, 6 and 7 you saw how important it is to know the energy required to 
unbind a proton or neutron from a nucleus. This quantity determines how much 
energy is released in a-decay and in the processes of nuclear fission and fusion. A 
question that we have avoided so far is ‘How can this unbinding energy be 
measured?’ All we said when we introduced this form of energy back in sub- 
Section 5.6 was that it is measured experimentally: we shall now do better than 
this and explain briefly how it is measured. 


Consider for example, the helium nucleus 3He (an «-particle). Its mass is 6.6449 x 
10-*’ kg and it is made of two protons and two neutrons that are very tightly 
bound together by the strong force. It is a remarkable experimental fact that the 
total mass of these bound protons and neutrons is less than their total mass when 
they are free (that is unbound). 


If the mass of a free proton is 1.6726 x 10~*’kg and the mass of a free 
neutron is 1.6750 x 10~*’kg, what is the total mass of two free protons 
and two free neutrons? 


The total mass of two free protons and two free neutrons is 
2 x 1.6726 x 10°7’kg + 2 x 1.6750 x 10°?’ kg = 6.6952 x 10°?7kg. 


This mass is greater than the mass of the helium nucleus (which consists of two 
protons and two neutrons bound together) by 5.03 x 10° ?°kg (Figure 34.) This 
difference is very small indeed, but the fact that there is any difference at all is 
really quite remarkable. Why should the total mass of particles when they are 
bound not be the same as their total mass when they are free? 


A helium nucleus ‘He, 
which consists of two 
protons and two neutrons 
tightly bound together 


Two free neutrons 
and two free protons 


mass = 6.6449 x 10°?’ kg their total mass = 6.6952 x 10°?’ kg 


In order to answer this subtle question, consider the equation which describes the 
unbinding of the constituents of the helium nucleus: 


helium nucleus + unbinding energy ———— 
two free protons + two free neutrons (32) 
Since the mass of the helium nucleus is not equal to the sum of the masses of the 


two free protons and the two free neutrons, mass is not conserved in this reaction. 
However, there is one quantity that we expect to be conserved and that is energy. 
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FIGURE 34 Two free protons and two 
free neutrons have a greater mass than 
when they are bound to form a helium 
nucleus (a-particle). 
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If the principle of conservation of energy is correct, then the energy of the helium 
nucleus plus the unbinding energy should be equal to the energy of the two free 
protons and the two free neutrons. 


What sort of energy is associated with the helium nucleus and with the free 
protons and neutrons? 


All of these have associated with them matter energy. Indeed, Einstein asserted 
that all matter has this form of energy, which can be converted into other forms. 
Using this idea, equation 32 can be written: 


matter energy of — unbinding total matter energy of the two 


the helium nucleus energy free protons and two free neutrons 
(33) 


It is possible to calculate the unbinding energy in this equation using Einstein’s 
famous equation for the matter energy of a mass. This equation says that the 
matter energy E of a mass m is given simply by: 


E = mc? (34) Einstein’s equation E = mc? 


1 


where c is the speed of light, 3.00 x 10°ms~?. 
Now, according to equation 34, the left-hand side of equation 33 can be written: 


matter energy of the helium nucleus 


—= 2 . . 
+ unbinding energy = my. c*> + unbinding energy (35) 


where we have denoted the mass of the helium nucleus by my, . Similarly, the 
right-hand side of equation 33 can be written: 


Total matter energy of the two free 


= 2m,c? + 2m, c? (36) 
protons and two free neutrons 


denoting the masses of the free proton and neutron by m, and m, respec- 
tively. Now equations 35 and 36 can be combined, according to equation 33: 


2m, c? + 2m,c* = mye c? + unbinding energy of }He (37) 
Rearranging equation 37, we find that: 


unbinding energy of 3He = 2m, c* + 2m,c* — mye Cc? (38) 


= c7(2m, + 2mp — mue) (39) 


Equation 39 allows the unbinding energy of the helium nucleus to be calculated 
easily, by multiplying by c’ the difference between the mass of the two free neutrons 
and two free protons and the mass of the helium nucleus, that is 
2m, + 2m, — mye. We said above that this mass difference is 5.03 x 10°7°kg. 
Hence, since the speed of light c = 3.00 x 10°ms7?: 


the unbinding energy of He = (3.00 x 10®ms~*)? x (5.03 x 10° ?°kg) 
= 4,53 x 10° 1*kgm7’s” 
= 4.53 x 10° 17J 
= 28.3 MeV 


(Since 1J = 1kgm’s 7 and 1 MeV = 1.60 x 10° 1°J, from Unit 8.) 


The total unbinding energy of the helium nucleus 3He is, therefore, 28.3 MeV. 
Therefore, the average energy required to unbind a proton or neutron from the 
3He nucleus is 28.3 MeV/4 = 7.1 MeV, which is the value plotted on the graph of 
Figure 25. 


The points on Figure 25 were, in fact, all determined in this way—for each 
nucleus, the measured difference between its mass and the total mass of its free 
constituents is multiplied by c? to give its unbinding energy. 
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We must stress that Einstein’s equation E = mc? applies to all matter, not only to 
nuclei. For example, it applies to the hydrogen and oxygen atoms bound to form a 
molecule of water. 


Would you expect that the mass of a molecule of water H,O is greater than 
or less than the total mass of two free hydrogen atoms and a free atom of 
oxygen? 


For the same reason as the mass of a nucleus is less than the mass of its constitu- 
ents protons and neutrons when they were free, the mass of the water molecule is 
less than the mass of its constituent hydrogen atoms and oxygen atom when they 
were free. In both cases, some of the matter energy of the free constituents is ‘lost’ 
when they are brought together and bound. 


But there is an important difference between the unbinding energy of the 
water molecule and that of a nucleus. Can you think what that difference 
might be? 


Whereas the unbinding energy of a nucleus is typically of the order of millions of 
electronvolts, the unbinding energy of a water molecule (or any other molecule for 
that matter) is typically a million times smaller—of the order of electronvolts. 
Hence, the discrepancy between the mass of a molecule and that of its free con- 
stituents (atoms) is very much smaller than the discrepancy between the mass of a 
nucleus and that of its free constituents. In fact, in the case of molecules, the 
discrepancy is practically impossible to measure—it is of the order of 107 **kg! 


Now try SAQ 21 to check that you can use Einstein’s equation to find the 
unbinding energy of nuclei, which is the last Objective of the Unit. 


SAQ 21 The energy released when the nucleus *{8Pd is made from free 
protons and neutrons is 900 MeV. Calculate the mass of a nucleus of *28Pd. 


(The mass of a free proton is 1.6726 x 10°-*’kg and the mass of a free 
neutron is 1.6750 x 10-7’ kg; the speed of light c = 3.00 x 10®°ms~‘ and 
1 MeV = 1.60 x 10° *?J.) 


Aims of Unit 30 


The aims of this Unit are: 


(a) To describe the standing waves that can exist on a taut string and to compare 
them with the standing probability waves that describe the behaviour (and deter- 
mine the energy levels) of a particle confined in one dimension between two 
reflecting plates. (Objectives 1-6) 


(b) To formulate and discuss a simple model of the electron in the hydrogen atom 
and of a proton in a nucleus. (Objectives 7, 8 and 10) 


(c) To discuss the structure of nuclei and to describe in detail the processes of 
nuclear fission and fusion and of the various types of radioactive decay. (Objec- 
tives 9, 11-14) 


(d) To explain how Einstein’s equation E = mc’ is used to calculate the unbinding 
energy of nuclei. (Objective 15) 


Objectives of Unit 30 


After you have finished this Unit you should be able to: 
1 Draw a diagram of a given normal mode of a vibrating string. (SAQ 1) 


2 Mark on a diagram of a normal mode of a string, its nodes, antinodes, and be 
able to state how many half wavelengths there are between its ends. (SAQ 2) 
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3 Calculate the wavelength of a given normal mode of a vibrating string. 


(SAQ 3) 


4 Interpret a diagram that illustrates the eigen wave function of a particle 
confined in one dimension between two reflecting plates. (SAQ 4) 


5 Interpret the formula for the energy levels of a particle confined in one dimen- 
sion between two reflecting plates. (SAQ 5) 


6 Recall that the energy levels E of a particle confined in one dimension between 
two reflecting plates are inversely proportional to the mass of the particle and 
inversely proportional to the square of the distance between the plates. (SAQ 6) 


7 Interpret the formula for the energy levels of a particle confined in a hollow 
cubical box and state if two energy levels are degenerate. (SAQs 7 and 8) 


8 Recognize true and false statements concerning the applicability of a simple 
model of the electron in the hydrogen atom. (SAQ 9) 


9 Recognize true and false statements about the strong force. (SAQ 10) 


10 Recall that whereas the spacings of the energy levels of the protons and 
neutrons in a nucleus are of the order of MeV, the spacings of the energy levels of 
atomic electrons are of the order of eV. (SAQ 11) 


11 Sketch and interpret the graph of the number of protons in the stable nuclei 
plotted against the number of neutrons that they contain. (SAQ 12) 


12 Sketch and interpret the graph of the average unbinding energy of nuclei per 
constituent proton and neutron plotted against mass number A. (SAQs 13, 15) 


13 Write down equations that describe a-, B-- and B~- and y-decay of given 
nuclei and recall the energy changes associated with each of these types of radio- 
active decay. (SAQs 14-18) 


14 Write down and interpret equations that describe spontaneous and induced 
nuclear fission and that describe nuclear fusion, given sufficient information about 
the nuclei involved. Also, recall why energy is released in these processes. 
(SAQs 19 and 20) 


15 Recall Einstein’s equation E = mc? and use it to calculate the total unbinding 
energy of nuclei, given the relevant nuclear masses. (SAQ 21) 


ITQ answers and comments 
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ITQ 1° You should have labelled Figure 5a as we have done in 
Figure 35. 


; : 


nodes 


FIGURE 35 The nodes on a string that is vibrating in 
its second harmonic. 


ITQ 2 You should have labelled Figure 5b as we have done in 
Figure 36. 


antinodes 


FIGURE 36 The antinodes on a string that is vibrat- 
ing in its third harmonic. 


ITQ 3 Equation 2 implies that the wavelength / is given by 
A=2i/n. Therefore, 1f A4=0.7m and |=2m, then n=2 x 
2 m/0.7 m = 40/7, not a whole number. This cannot be correct, as n 
is defined to be a whole number that is greater than or equal to one. 
Hence, it is not possible for a standing wave of wavelength 0.7 m to 
exist on the rope. 


ITQ 4 Its maximum ‘displacement’ is equal to zero. Since the 
particle cannot escape its confinement, the probability of its 
detection outside the plates must be zero. This probability 1s 
proportional to (the maximum ‘displacement’)* which must, there- 
fore, also be zero. This can be true only if the maximum 
‘displacement’ of the eigen wave function is also zero. 


ITQ5 The energy of the confined particle, given by equation 10 
E = n*h?/8ml? is a minimum when n has its minimum value of one. 


Hence, 


1*h? h? 


nie Bia? BP 


Notice that quantum theory says that the particle cannot have zero 
energy. 
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ITQ 6 (a) The nucleus contains 30 protons, since its atomic 
number is 30. 


(b) The total number of protons and neutrons that it contains is 68 
and, from (a), it contains 30 protons. It therefore contains 
68 — 30 = 38 neutrons. 


(c) The nucleus contains 30 positively charged protons and 38 
neutrons, which are not charged. Since the magnitude of the charge 
of the proton is the same as that of the electron, the total charge Q 
of the nucleus is: 


O = + 30 x (1.6 x 10719C) 


Pe Te eS) Be & 


(d) Since the atom is neutral and the magnitude of the charge of the 
proton is the same as that of the electron, the number of protons N, 
in the nucleus must be the same as the number of electrons N, that 
move around the nucleus. Since N, = 30 from (a), N. = 30 also. 


(ec) All isotopes have the same atomic number. Since the atomic 
number of the zinc isotope $5Zn (which is 30) differs from that of X 
(which is 31), it follows that X cannot be an isotope of zinc. 


ITQ 7 The magnitude of the gravitational force F, between the 
two protons is 

_ {67% x 10°" Noi’ ke" *) x (1 = ee 

we (3 x 1075 m) 

= 2.2 x 10°9°N 
The magnitude of the electrostatic force F,, between the two pro- 
tons is: 
(9.0 x 10?Nm?C~?) x (1.6 x 10°*°C) 

GIs “my 


Fio= = 26N 


SAQ answers and comments 


SAQ 1 Your drawing should look like Figure 37a or like Figure 
37b. The important feature of these Figures is that there are exactly 
five half wavelengths of the standing wave between the clamps. 
Provided that your drawing exhibits this feature it is correct. 


(a) \ 


(b) x 


FIGURE 37 Two snapshots of a string that is vibrating in its fifth 
harmonic. 


SAQ 2. The string is vibrating in the normal mode called the sixth 
harmonic. You should have labelled your diagram as in Figure 38. 
The number of half wavelengths of the standing wave between the 
clamps is six; this is also the number of the harmonic, n = 6. 
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Hence, the ratio F.,/F, = 1.2 x 10°°, ie. the repulsive electrostatic 
force between the protons is more than 10°° times greater than the 
attractive gravitational force between them! 


ITQ 8 (a) The electrostatic force acts on all charged objects. 


(b) Examples of the effects of gravitational forces are easy to see 
because massive objects like apples and people are attracted to 
Earth. 


(c) The range of the strong force is very short: it is about 
% 0c 1072? mi. 


(d) The law which describes the electrostatic force between two 
stationary point-like charged particles is known as Coulomb’s law. 


ITQ 9 The number of neutrons in the stable isotopes of neon 
(Ne) are 10, 11 and 12; the number in those of silicon (Si) are 14, 15 
and 16; the number in those of gallium (Ga) are 38 and 40. There 
are no stable isotopes of technetium (Tc)! 


ITQ 10 Another nucleus whose constituent protons and neutrons 
are anomalously strongly bound for its mass number is the helium 
nucleus 3He, which is otherwise known as the a-particle. 


ITQ 11 Since in B*-decay a proton in the original nucleus trans- 
forms into a neutron, the atomic number Z of the original nucleus 
must decrease by one. However, the total number of protons and 
neutrons in the nucleus (= A) stays the same. 


ITQ12  Thetotal number of protons and neutrons is the same after 
the reaction as it was before, since the mass number of the original 
fermium nucleus (256) is equal to the sum of the mass numbers of 
the nuclei and particles which are produced (140 + 112 + 4). 


N=node A =antinode 
FIGURE 38 The nodes and antinodes marked on the sketch of a 
string that is vibrating in its sixth harmonic. 


SAQ 3 The fundamental normal mode of the string is 
characterized by the number n= 1. Hence the wavelength / of 
the fundamental is given by: 


_2x5m 


A = 10m 


When there are ten antinodes on the string, it is vibrating in its 
tenth harmonic, which is characterized by the number n = 10. The 
wavelength of this harmonic is given by 4 = 2 x 5m/10 = Im. 


SAQ 4 The value ¥ of the eigen wave function (its maximum 
‘displacement’) is measured from the imaginary straight line that 
joins X and Y on Figure 12. At distance d, the maximum ‘displace- 
ment’ of the eigen wave function is, say, ¥,, whereas at distance 
3d its maximum displacement is ¥,, = — ¥,. The probability of the 
confined particle’s detection at distance d is 3, which is exactly 
the same as the probability of its detection at distance 34d, 
Y3,=(—¥,) = Vj. There is no possibility of detecting the con- 
fined particle at distance 4d, since the maximum ‘displacement’ 
4, of the eigen wave function at that distance is zero. 


SAQ 5 Using equation 10, the energy levels E of the confined 
electron are: 


n? x (6.6 x 10° 3*Js)? 
8 x (9.1 x 10° *!kg) x (5 x 1071 m)? 


an? «24x10 Pe ee mn 


E= 


=n" 24x AO = 2 
Since 1J = 1kgm?s~? from Unit 8. 


When the electron is detected, its energy E = 8.6 x 107 3°J. Hence, 


n* x 2.4~x 10-773 =8.6 x 107~3°J 
i.e. n? = 36 
and n= +6 


Since n is a number, which is defined to be a whole number 
greater than or equal to one, it must be equal to +6. 


SAQ6_ The values of energy that the particle can have when it is 
confined in one dimension between plates distance | apart depend 
on /, on the particle’s mass m, and on Planck’s constant, h. Each 
possible value of energy is characterized by the number n, which 
is a whole number greater than or equal to one (n = 1 or 2 or 3 or 4, 
etc.). (See equation 10 in the text, which you need not memorize.) 


The values of the energy that a particle can have are inversely 
proportional to its mass, E « 1/m. So, provided | is kept the same, 
the possible value of E = constant/m for both the electron and the 
other particle. If the electron has mass m,, then the mass of the 
other particle is 2000m, . Therefore, the possible values of E of the 
electron = constant/m,, whereas the possible values of E of 
the other particle = constant/2 000m, . Thus, the possible values of 
E of the other particle are 2000 times smaller than those of the 
electron. 


Statement (c) is correct: E « 1/I? (from equation 10). 


SAQ7_ The wavelength A,,, of the electron is given by equation 


13: 
={—]}] +{—] +(—] =-—(P? +J?+K? 
p Lae 2L pas rad a | ) 


Therefore, 


Zs 4p es 2L 
het = =o ee 
Para © Pe + K 
a 2L 2L 
ie Se = eee 
“" 444102 ./125 
2L 2L 
For D, Ap = —=_=__—_— = > :; 
| /1? + 107 + 5? /126 
2L 2L 
For E.. i. = ———— eee 


[+e +o ae 


Since Ac = Ag, C and E have the same wavelength and are, there- 
fore, degenerate. 


SAQ 8 _ The possible values E of the energy of the confined par- 
ticle are given by equation 17: with L=3 x 10° '*°m,h=66 x 
10°-*4Js and m= 9.1 x 10> 3'kg, we have: 


_ (I? + J? + K’) x (6.6 x 10° 3*Js) 
~ 8 x (9.1 x 1073! kg) x (3 x 107 15m)? 
= (17+ J? + K?) x 66 x 10°9J 


Since 1J = 1kgm?s~*. When J] = J = K = 1, the energy of the 
electron is: 


Ey 1.1 = (17 + 17 + 17) x 66 x 10°99 
=2.0x 10°*J 
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When the eigen wave function of the confined electron is charac- 
terized by J = 1 and J = K = 33, its energy is given by: 


Ei.3,3 = (1? a 3? + 37) x 6.6 x 10°°J 
= 13 x 10-*3 


Since E, 3 3 is greater than E, , ,, energy must be transferred to 
the electron if it is to make the transition. The amount of energy 
that must be transferred is: 


Ey 3.3 —£;.3,; = (13 —2) x 10°°J =11 x 10-7) 


When the eigen wave function of the confined electron is charac- 
terized by I = J = 1 and K = 3, it has energy: 


Ey 1.3 = (17 + 1? + 32) x 66 x 10-9J 
= 73x 10-8J 


This is Jess than E, 3 3. If the electron makes a transition to the 
energy level characterized by J = J = 1, K =3 from the energy 
level characterized by I = 1, J = K = 3, then a photon would be 
ejected with energy E,, equal to the difference between the two 
levels: 


Eon = E,. 3,3 <0 E, 1,3 = OE! x m3 


SAQ 9 Statement (a) is true: all the rest are false. Statement (b) is 
false since the numbers J, J and K, which characterize the energy 
levels of a confined electron, can only be equal to whole numbers 
that are greater than or equal to one. There is no such restriction 
on the quantum numbers / and m, which characterize the energy 
levels of an electrons in atoms. Statement (c) is false because when 
the electron is in the continuum it is not confined and so its be- 
haviour cannot be described using the model. Finally, statement (d) 
is false because the model is a simple one that can be used to give, 
at best, order of magnitude predictions concerning the energy levels - 
of the electron in the hydrogen atom. 


SAQ 10 Statements (b) and (d) are true, and all the rest are false. 
If you got any of these wrong, look back over sub-Section 5.3. 


SAQ 11 Statements (b), (c) and (e) are true; the other two are 
false. If you got any of these wrong, look back over sub-Section 5.4. 


SAQ 12 The number of neutrons in the nucleus is equal to 126, 
that is, to the difference between its mass number (212) and its 
atomic number (86). Hence the neutron excess of the nucleus is 
126 — 86 = 40. 


This nucleus is not plotted on Figure 23 as it is unstable—its atomic 
number Z is greater than 83, the atomic number of the bismuth 


isotope 733Bi, which is the heaviest stable isotope known. 


SAQ 13 (a) 8.6 x 107 MeV of energy would be required since the 
total ‘unbinding energy’ of any nucleus is equal to the amount of 
energy that is released when it is made from free protons and 
neutrons. 


(b) The ‘average unbinding energy per constituent proton or 
neutron’ of X is: 
8.6 x 107 MeV 


= 8.6 MeV 
44+ 56 


From Figure 25, another nucleus with the same ‘average unbinding 
energy per constituent proton or neutron’ is 33Ca. 


(c) The protons and neutrons in the oxygen nucleus are less 
tightly bound than those in the rubidium nucleus because the 
former has a smaller average unbinding energy per constituent 
proton or neutron. 


SAQ 14 The equation which describes the decay is: 


744Po0 ——— 738Pb + $He + several MeV of energy released 


(a-particle) 


where Pb is the chemical symbol for lead. 
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SAQ 15 The equation that describes the a-decay of 73}Pa is: 


231 
91Pa 


274Ac + 3He + energy E is released 
(where E is several MeV) 


where Ac is the chemical symbol of the actinium nucleus that is 
formed. To find the energy E released, you should have used the 
same method as we described in sub-Section 6.2 to find the energy 
released in the a-decay of 738U. The total unbinding energy of the 
protons and neutrons in the *3gAc nucleus is, from Figure 25: 227 x 
7.65 MeV = ~1740 MeV. For the helium nucleus (a-particle), this 


total unbinding energy is 4 x 7.1 MeV = 28.4 MeV. 


The total amount of energy released is, therefore: 


1740 MeV + 28 MeV — 1730 MeV * 40 MeV. 


SAQ 16 The potassium nucleus that is formed contains 19 protons 
and 37 — 19 = 18 neutrons. 


The original isotope contained only 17 neutrons so, in this decay, a 
neutron must somehow have been created. This happens in 
B*-decay when a proton in the original nucleus transforms into a 
neutron, with the emission of a positron and the release of several 
MeV of energy. The mass number of the calcium isotope will be the 
same as that of the potassium since the total number of protons and 
neutrons in them will be the same. Hence, the equation which 
describes the B*-decay will be: 


= NG 
sou 


37K +e* + several MeV of energy released 


(B* -particle) 


SAQ 17 The emitted electron could not have been moving 
around the nucleus as, in that case, it would have had an energy of 
several electronvolts, not of millions of electronvolts. The latter 
amounts of energy are characteristic of nuclear processes so it is 
likely that the emitted electron is a B -particle from the B -decay 
of an isotope of potassium. 


SAQ 18 The nucleus 7{Na must have been in an excited state ifa 
photon is ejected from it shortly after its formation. The equation 
which describes this y decay is, therefore: 


24 * 
11;Na 


iiNa + y with several MeV of energy 
(photon) 


In this decay, a proton or neutron in the original nucleus 7{Na* 
made a transition from an abnormally high energy level to a lower 
one. The y-ray (photon) carries off the difference in energy between 
the two levels. 


SAQ 19 (a) The difference between spontaneous fission and 
induced fission is that the former occurs spontaneously, as the 
name suggests, whereas the latter can only occur when energy is 
transferred to the nucleus concerned. 


(b) Ifthe mass number of the formed nucleus of iron is denoted by A 
and if the atomic number of the formed nucleus of dysprosium is 
denoted by Z, then the equation which describes the reaction is: 


236 
92U 


zeFe + 182Dy + MeV of energy released 


Since the total number of protons and neutrons and the total 
number of protons are the same before the reaction as they are 
afterwards, it is possible to calculate A and Z. 


To find A: 236 = A + 180, therefore A = 56. 


To find Z: 92 = 26 + Z, therefore Z = 66. 


Hence, the equation is: 


236 
92U 


36Fe + 18°Dy + MeV of energy released 
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SAQ 20 (a) The equation which describes this fusion is: 


3He + 3He 


21H + $He + MeV of energy released 


(b) The process of nuclear fusion is not likely to occur spontan- 
eously, owing to the electrostatic repulsion of the nuclei concerned 
(remember all nuclei are positively charged). By Coulomb’s law, 
the repulsive force increases in magnitude as the distance between 
the nuclei decreases—hence, the nearer the nuclei get to each other, 
the harder it becomes to push them still closer. This major difficulty 
of getting nuclei close enough for them to fuse has prevented the 
harnessing on a large scale of the energy released from this type of 
process. However, much research is being done into the problem. 


SAQ 21 The total unbinding energy E of '$&Pd is: 


900 MeV = (900 MeV) x (1.60 x 10° '? JMeV~*) 
= 144 x 10° '°J. 


The mass difference m between the mass of the '$&Pd nucleus and 
the mass of its free constituents, is given by Einstein’s equation 
E = mc’, where c is the speed of light. Thus: 


E 1.44 x 10° !'°J 
ce (3.00 x 10®ms~*)? 


= 1.60 x 10°77 Jm™ 7s? = 1.60 x 10°?’ kg 


m= 


since 1J = 1kgm7’s~? from Unit 8. The total mass M of the *{8Pd 
nucleus is, therefore, equal to the mass of 46 protons plus the mass 
of 60 neutrons less 1.60 x 10°?’ kg: 


M = 46 x 1.6726 x 10°?’ kg + 60 x 1.6750 x 10°7’kg 
— 1.60 x 10°7’kg 
= 1.76 x 10° 7° kg 
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